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ABSTRACT 
It is proved that, apart from for some exceptional cases, there always exists an 
n x n nonderogatory matrix over an arbitrary field with n prescribed entries and 
prescribed characteristic polynomial. 
INTRODUCTION 
Many papers have been written [l, 2, 6, B-121 about the following 
PROBLEM. Let F be an arbitrary field, and a,, a2,. . . , a,, cl,. . . , c, be 2n 
elements of F. Let (il, j,) ,..., (i,, j,) be n distinct positions of an n X n 
matrix. Construct an n-square matrix over F with characteristic polynomial 
f(x)=~“_c,~~-‘_ . . . - c, and with the prescribed entries a, in the 
positions (i,, jt), t = 1,. . . , n. 
It is known [ 1, 2, 8, lo-121 that this problem in some exceptional cases 
does not have a solution (i.e., there is no matrix satisfying the prescribed 
conditions): 
(1) If the prescribed positions are on the main diagonal, the problem has a 
solution if and only if the sum of the prescribed entries is equal to c1 [2]. 
(2) If the n prescribed positions are all in a row or column and the 
nondiagonal ones are required to be zero, the problem has a solution if and 
only if the entry prescribed for the diagonal position is a root of f(A) [lo]. 
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(3) If we prescribe only n - 1 entries but in such a way that all the 
off-diagonal positions of a row or column are required to be zero, the Problem 
has a solution if and only if f(X) has at least one root in F [l]. 
(4) If n=2, f(x)=(A-X,)(h-X,), h,,ha.~F, and ~,,a, are pre- 
scribed for the positions (1,2) and (2, l), respectively, the problem has a 
solution if and only if x2 - (hi + X,)x + a1u2 + X,X, = 0 has a solution in F 
WI- 
In this paper we give a complete solution of the above problem. 
Throughout, F will be an arbitrary field, al ,..., a,,,~, ,..., c, E F, f(X)= A” 
- c x”p’- . . . - c,, and all the matrices and polynomials will be over F. Let 
the Companion matrix of f(X) be 
0 1 0 ... 0 0 
0 0 1 .** 0 0 
*,= . . . . . . . . . . . . . . . . . . . . . . . , 
0 0 0 ... 0 1 
c, c,_r c,_a . . . c2 Cl 
Every matrix similar to A, is nonderogatory and has f(h) as characteristic 
polynomial. 
Finally, F, will be the vector space over F of the n X 1 matrices over F. 
REMARK. In several places in this paper the usual terms “diagonal 
(off-diagonal) positions” ( f o a matrix) have been replaced by “principal 
(nonprincipal) positions,” respectively. 
MAIN RESULT 
Our main result is a theorem with a very long proof. This theorem 
contains eight exceptions; of these only three correspond to general n, while 
the other five correspond to n < 4. 
THEOREM. Apart j&n the exceptions listed below, there always exists 
an n x n matrix A over F with characteristic polynomial f(X) and with the 
entries at in the positions (i,, jt), t = 1,2,. . . , n. 
The exceptions are: 
(i) All entries on the muin diagonal are prescribed and their sum is not cl. 
(ii) There exists a row (or a column) all of whose entries off the main 
diagonal are prescribed as zero, and the one on the main diagonal is 
prescribed and is not a root off(X). 
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(iii) There exists a row (or a column) all of whose entries off the muin 
diagonal are prescribed as zero, and f(X) has no root in F. 
(iv) n = 2, the prescribed positions are (1,2) and (2, l), and the equation 
x2- clx - c2 + ala2 = 0 has no solution in F. 
(v) n = 3, a is a circular permutation of order three, the prescribed 
positions have the form (i, u(i)), i = 1,2,3, a, = a2 = a3 = 0, and for every 
h E F, f(X)+ h does not have three roots in F. 
(vi) n = 3, F has characteristic 2, (I is a permutation of order three which 
can be decomposed OS a product of two disjoint cycles, the prescribed 
positions have the form (i, u(i)), i = 1,2,3, the entry c1 is prescribed for a 
principal position, the other two are prescribed as zero, and f(X) has rw root 
in F. 
(vii) n = 3, the prescribed positions are, unless we make a permutation, 
(1,2), (1,3), (2,3), the prescribed entries are zero, and f(X) has not all its 
roots in F. 
(viii) n = 4, the prescribed positions are, unless we make a permutation, 
(1,3), (1,4), (2,3), (2,4), the prescribed entries are zero, and f(X) cannot be 
factorized in F as a product of two quudratic polynomials. 
Moreover, if the following condilion is not satisfied: 
n=2, f(A)=(A-a)2, a E F, the prescribed positions are (1,2) and 
(2,1), anda,=a,=O, 
and if none of the above exceptions occurs, then the matrix A exists and can 
be chosen as nonderogatory. 
Proof. We split the proof of this theorem into a series of propositions. 
In Propositions 4, 5, 8, 12, 13 we give the necessary and sufficient 
conditions for the existence of a matrix verifying the requirements of the 
theorem when exceptions (iv), (v), (vi), (vii), and (viii) occur. The proof of 
these propositions will only be sketched. However, for Propositions 1 and 14 
we give a complete proof of the necessary and sufficient conditions for the 
existence of a matrix satisfying the requirements of the theorem when 
exceptions (ii) and (iii) occur. 
Just as in [lo], concerning the position (il, j,),...,(i,, j,) one and only 
one of the following cases is possible: 
Case (I): The positions (i,, jl), t = 1,2,. . . , n, are the principal positions. 
Case (II): The positions (i,, jt), t = 1,2,. . , , n, form a nonprincipal 
diagonal. 
Case (III): The positions (i,, jt), t = 1,2,. . . , n, are in a row or column. 
Case (IV): None of the above cases. 
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Exception (i) of the Theorem corresponds to case (I). In this case it is 
known [2] that there exists a matrix with f(A) as characteristic polynomial 
and the entries a,,a,,...,a,, on the main diagonal if and only if a 1 + a 2 
+ . * . + a,, = cl. If this condition holds by [4] or Lemma 3 of [13], then there 
exists a matrix similar to A, with a, in the position (i, i), i = 1,2,. . . , n. 
To prove the theorem in the remaining cases we introduce two similarity 
operators as follows: 
(1) If c is a nonzero element of F, we denote by H:‘(c) the matrix 
obtained from the identity matrix of order n by putting c in the position 
(i, i). It is easy to see that 
[H;"(c)] -’ = H;‘(c+). 
If A is an n X n matrix over F, then Hc)(c)AHr ‘(c - ‘) is similar to A and is 
obtained from it by multiplying the i th row of A by c and the i th column of 
A by c-l. 
(2) If c E F, we denote by Zryj) (c) the matrix obtained from the identity 
matrix of order n by adding the constant c to the position (j, i): 
[zy2j)(c)] -l = zt.i)( _ c). 
Then Z~.i)(c)AZ~3i) ( - c) is similar to A, and is obtained from it by adding 
the ith row of A multipled by c to its jth row and subtracting the jth 
column of A multiplied by c from its ith column. 
Moreover, Z:*“(O) = I, (identity matrix) for every i, j. We begin with: 
Case (ZZZJ The Prescribed Positions Form a Row or Column 
We can assume that the prescribed positions are in a row, because if they 
are in a column, the problem can be reduced to this case by considering the 
transposed matrix. Moreover, performing a suitable permutation on the rows 
and then the same permutation on the columns (this transformation does not 
alter the characteristic polynomial), we may assume, without loss of gener- 
ality, that the prescribed positions are in the first row and that the entries a i 
are prescribed in (I, i), i = 1,2,. . . , n. 
PROPOSITION 1. When a, = 0 for i = 2,. . . , n, there exists an n X n 
nonderogatory matrix with f(h) as characteristic polynomial and a, in (1, i), 
i = 1,2 ,..., n,ifandonlyiff(a,)=O. 
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Proof. It is clear that the condition is necessary, and now we are going to 
show that it is also sufficient. Let f(a i) = 0. If a, = 0 then c, = 0 and Ati (the 
superscript t means transpose) is the required matrix. If a i # 0, let f(h) = (h 
- a,)@“-’ - C&X”-‘- . . . - d,+,X - d,p,). So 
c,=a,+d,, 
ck = d, - a,dk_l, k=2,3 ,..., n-l, 
c, = - ald,_l. 
If T = Zi1.2)( - a,). . . I?-+9 _ aJ~-l.n)( _ a,), then 
I a1 
1 . . . 0 0 
. . . . . . . . . . * . . . . . . . * . A,= TA,T_, = 
0 0 ... 0 1 
1 0 d,p, ... d, d, 
A’, is the required matrix. n 
Proposition 1 provides a necessary and sufficient condition for the ex- 
istence of a matrix verifying the requirements of the Theorem when exception 
(ii) holds. 
PROPOSITION 2. Zf the conditions of Proposition 1 are not v&fled, then 
there always exists an n X n nonderogatory matrix having f( h) as characteris- 
tic polynomial and the entries a i in the positions (1, i), i = 1,2,. . . , n. 
Proof. Assume that the nonzero entries which are prescribed outside the 
position (1,2) are ai,,aiB ,..., aiS, 1 <ii< i,< . .. <i,< n (i, # 2, t = 
1,2 )...) s). 
If we write B, = A,, by means of the iteration 
B, = Zzr,“( - u~,)B,_,Z;~~~‘(U~,), r=1,2 s, ,...> 
we obtain a matrix B,, similar to A,, which has the entries ai in the positions 
(l,i), i = 1,3,4 ,..., n, but if us # 1, this entry is not in (1,2). Now if a2 + 0, 
then 
A = ~$z,‘)B,H~z)(a2) 
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is the required matrix. If a2 = 0, as the conditions of Proposition 1 are not 
verified, then there is an integer o such that a, is prescribed in (1, 4) and 
a4 # 0. Therefore, 
is the required matrix. n 
With Propositions 1 and 2 proved, we have also completed the proof of 
the theorem in case (III). 
To prove the results in cases (II) and (IV) we shall frequently make use of 
the following lemmas. 
LEMMA 1. Let g(A) be a manic and irreducible polynomial, and B, an 
(n - 1) x (n - 1) matrix having g(h) as characteristic polynomial. Let h(X) 
be a manic polynomial of degree n. Zf v E F,_, is a nonzero vector, then 
there exist u E F, _ 1 and b E F such that 
B= Bl v 
[ 1 ut b 
is nonderogatory and has h(X) as characteristic polynomial. 
Proof. By Lemmas 1 and 2 of [ 11, there exist u E F,_ 1 and b E F such 
that 
B= 
B, v 
[ 1 u’ b 
has h(A) as characteristic polynomial Moreover, if v # 0, then AZ, - B has 
at least one minor of order n - 1 of degree less than n - 1. Since g(h) is 
irreducible, the greatest common divisor (g.c.d.) of the minors of order n - 1 
is 1, and therefore the minimal and characteristic polynomial of B coincide. n 
LEMMA 2. Let F be an infinite field, B, an (n-l)x(n- 1) matrix 
having n - 1 distinct characteristic roots in F. Let h(h) be a manic poly- 
nomial of degree n, 0 # c E F, and i a fixed positive integer smaller than n. 
Then there exist u, v E F, _ 1 and b E F such that the i th coordinate of v is c 
and 
B= Bl v 
[ 1 u’ b 
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has h(X) as characteristic polynomial. Moreover, if each characteristic root 
of B, is not a root of h(X), then B is nonderogatory. 
Proof. The first part of this lemma is contained in Lemmas 1 and 3 of 
[l]. Moreover, if each characteristic root of B, is not a root of h(h), then 
h(X) and the characteristic polynomial g(X) of B, are prime polynomials. 
But, as h(X) is a multiple of the g.c.d. of the minors of order n - 1 of 
XI,, - B, and g(h) is one of them, this g.c.d. must be 1. So B is nonderoga- 
tory. n 
LEMMAS. Under the same hypothesis as in Lemma 2, let c = 0. Suppose 
that at least one of the nonprincipal elements of the i th row of B, is not zero. 
Then there exist u, v E F, _ 1 and b E F such that the i th coordinate of v is 
zero and 
B= 4 v 
[ 1 u’ b 
has h(X) as characteristic polynomial. Moreover, if each characteristic root 
of B, is not a root of h(X), then B is nonderogatory. 
Proof. The proof is as in Lemma 2. w 
LEMMA 4 (Theorems 1 and 2 of [l]). Let g(h) be a momic and 
irreducible polynomial of degree n. Let a 1, a2,. . . , a,- 1 E F, and let 
(il, jl),..., (in_l, j,_l) be distinct positions of an n x n matrix. Then there 
exists an n x n matrix with g(A) as characteristic polynomial and the entries 
a, in the positions (i,, jt), t = 1,2,. . . , n - 1, if and only if the following 
conditions is not satisfied: The prescribed positions are all the rwnprincipal 
position.sofaroworcolumnanda,=a,= ... =a,_,=O. 
LEMMA 5 [g-11]. Let F beaninfinitefieldanda,,a,,...,a,EF. Let 
(il, jl),..., (i,, j,) be distinct positions of an n x n matrix. Then: 
(4 
(b) 
There always exists an n x n matrix with the entries a, in the positions 
(i,,j,), t=1,2,..., n - 1, and with distinct characteristic roots chosen 
arbitrarily. 
There exists an n x n matrix with the entries a, in the positions (i,, jt), 
t = 1,2,..., n, and distinct characteristic roots A,, A,, . . . , A,. Moreover, 
these characteristic roots can be arbitrarily chosen except in the following 
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cases: 
(i) i,=j,, t=1,2 ,..., n. Znthiscase, X,+ ... +h,=a,+ ... +a,,. 
(ii) All the prescribed positions form a row or column, and the entries in 
the nonprincipal positions are prescribed as zero. In this case the 
entry prescribed for the principal position must be equal to a 
characteristic root. 
(iii) n = 2, and the prescribed positions are (1,2) and (2,l). In this case 
x2 -(X, + A,)+ a la 2 + X ,h 2 must be reducible in F. 
We remark that in case (i) there are as many n-tuples (A I, A 2, . . . , X .) of 
elementsof Faswelike,verifyingX,+X2+ ... +X,=a,+a,+ **. +a,,, 
and in case (iii) there are as many pairs (X,, X2) as we like, verifying the 
condition that x2 - (X, + X,)x + a 1u2 + X,X 2 = 0 has a solution in F, once 
a I, a 2 E F have been fixed. 
LEMMAS. Let N be the companion matrix of A”. Let a I, a 2,. . . , a n ~~ I E F, 
and let (il, j,),..., (i,_ 1, j, _ 1) be distinct positions of an n x n matrix. Then 
there always exists a matrix similar to N with the entries a, in the positions 
(i,, j,), t=1,2 ,..., n-l. 
Proof. As in [6], there is an integer s, 1~ s 6 n, such that, either (i) 
there is exactly one prescribed position in the sth row or in the sth column, 
but not both, or (ii) in the sth row and in the sth column there are no 
prescribed positions. Performing a suitable permutation on the rows of the 
matrix and the same permutation on its columns, we may assume, without 
loss of generality, that s = n. Transposing the matrix if necessary, we may 
also assume that, in case (i), the nth column has a prescribed position. 
If n = 2 it is easy to see that the lemma is true. We assume that n 2 3. In 
each case we assume firstly that F is finite and then that F is infinite. 
(i): Let (in_l, jn_,) be the position prescribed in the nth column, and 
a n ~ 1 the entry prescribed for it. 
(a) F finite. 
(al) If the n - 1 prescribed positions are all the nonprincipal positions of 
a row, the qth say, and the prescribed entries are zero, then by 
permuting the nth and qth rows and columns of N, the required 
matrix is obtained. 
In any other case, let g(A) be a manic and irreducible polynomial of 
degree n - 1. (Over a finite field there always exists such a polynomial 
[I4, P. 5061.) 
(a2) If the n - 2 positions which are prescribed in the first n - 1 rows 
and columns are nonprincipal positions of one row and the pre- 
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scribed elements in them are all zero (in this case if ii = . . . = i, _2 
= 1, it must be c1,_ r # 0), then by Lemma 4, there exists an 
(n - l)X(n - 1) matrix B having characteristic polynomial g(X), 
zero in the positions (ii, j,),...,(i,_,, j”_,), and an element h E F 
in (in-a, j,_a), where h is defined as follows: 
i 
=a 
h n-1 
if i,_,=i,p,= ... =i,, 
#O if i,_, f i,_,. 
In both cases h f 0. Let 
v=[O ,..., O,h,O ,..., 0,x,0 ,..., O]kF,ml, 
where h and x are the i, _&h and i+ ,th coordinates of v and 
wherex=a,_, if h#a”_,,andif h=unpl theni,_,=i,_,and 
therefore v = [0, . . . , 0, h,O,. . . ,O]. Since v # 0, by Lemma 1, there 
exist u E F,_, and b E F such that 
is nonderogatory and has A” as characteristic polynomial. So M, is 
similar to N. Then 
M = Z(i.-e.n) n (l)M,z+=“)( - 1) 
is the required matrix. 
(as) If the n - 2 positions which are prescribed in the first n - 1 rows 
and columns are nonprincipal positions of one column and the 
elements prescribed in them are zero, there are two possibilities: (1) 
i n_lfit for every tE{1,2,...,n-2}, (2) i,_l=i, for some tE 
{I,2,..., n - 2). In the first case the problem can be solved by a 
similar method to the one used in case (aa). In the second case we 
assume i, _ i = i,. In this case we may assume that n > 3, because 
for n = 3 the two prescribed positions would be nonprincipal posi- 
tions of one row and therefore we would be in case (ai) or (aa). 
Since n 2 4, we may assume i,_ r # i,_,. By Lemma 4, there exists 
an (n - 1)x( n - 1) matrix B having g(X) as characteristic poly- 
nomiaIzeroin(i,, j,),...,(i,_,, j,-,),(i,+,, jq+l),...,(in_-3, jnp3), 
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a n-1 in (i,, jq), and a nonzero element h E F in (in-a, j,_a). Let 
u = [0 ,..., O,a._,,O ,..., 0, h,O ,..., 01’ E F,-i, 
where a,_, and h are its i,_ ,th and i,-,th coordinates, respec- 
tively. Since u f 0, a procedure similar to the one used in (aa) 
enables us to obtain a matrix similar to N with a, in (i,, jl), 
t=1,2 ,...) n-l. 
In any other case than (a,), (a,), or (a,), by Lemma 4, there exists 
an (n - 1) X (n - 1) matrix B with g(X) as characteristic polynomial 
and a, in (i,, jt), t = 1,2,. . . , n - 2. If v E F,- i is a nonzero vector 
whose i, _ &h coordinate is a n ~ 1, then Lemma 1 enables us to obtain 
the required matrix. 
(b) F infinite. If the conditions of (ai) are given, the solution is obtained in 
the same way. In any other case we distinguish 
(bi) a,Pi#OT (b,) a,_, = 0. 
(b i) By (a) of Lemma 5 there exists an (n - 1) X (n - 1) matrix B with 
nonzero and distinct characteristic roots A,, A,, . . . , A,_ 1, and at in 
(i,, jl), t = I,2,..., n - 2. By Lemma 2, there exist U, v E F,- 1 and 
b E F such that an _ 1 is the i,- &h coordinate of u and 
M= B ’ 
[ 1 u’ b 
is similar to N. 
(b,) If an_l= 0, by Lemma 5 there exists an (n - 1) X (n - 1) matrix B 
having nonzero and distinct characteristic roots, a, in (i,, jt), t = 
1,2,..., n - 2, and a nonzero element h E F in a nonprincipal 
position of the i,_,th row. [We remark that if all the nonprincipal 
positions of the i,_ ith row are prescribed, at least one prescribed 
entry must be nonzero, since we are not in the conditions of case 
(a i). If this case holds, h is any nonzero entry of the i, ith row.] By 
Lemma 3, there exist U, v E F and b E F such that an _ 1 = 0 is the 
i n _ ith coordinate of v and 
M= B ’ 
[ 1 U’ b 
is similar to N. 
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(ii): The n - 1 prescribed positions are in the n - 1 first rows and 
columns. 
(a) F finite. We begin with two particular cases: 
(1) n = 3, the prescribed positions are (1,2) and (2, l), and a i = a 2 = 0. 
In this case N is similar to 
i 0  -1 0 1.  I 
(2) n = 3, the prescribed positions are (1,2) and (2, l), and there is 
i E { 1,2} such that a i # 0. In this case N is similar to 
[ a2 0 - a1 U2Ul 0 0  1.1 
Apart from these cases, for n > 3, it is always possible to choose a 
prescribed position such that the n - 2 remaining prescribed positions are 
not alI the nonprincipal positions of a one row or column of an (n - 1)~ 
(n - 1) matrix. Let (i, _ r, j, _ i) be such a position, and g(X) a manic and 
irreducible polynomial. By Lemma 4, there exists an (n - 1) X( n - 1) 
matrix B having g(h) as characteristic polynomial and at in (i,, jt), 
2 = 1,2,..., n-2. Let b,_, be the element which is in position 
c (in-r, j,_i) of B. Let 
I 
[0 ... 0 b,_l-u,_l 0 ... O]kF,_i 
v= if b,_, + a,_,, 
where b,_ 1 - an_ 1 is its i,_ Ith coordinate, 
any nonzero vector of F, _ i 
if b,_, = a,_,. 
Since v # 0, by Lemma 1, there exist u E F,_ i and b E F such that 
M= B ’ 
[ 1 d b 
is similar to N. If b,_ 1 = a,_,, then M is the required matrix. If 
b n_l Z a,_,, then Z~jn-l,“)(l)MZ~j”~I,“)( - 1) is similar to N and has a, in 
(it, jt), t = 1,2 ,..., n - 1. 
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(b) F infinite. In order to be able to apply Lemma 5, we firstly treat the 
cases where the prescribed positions are in one row or column. 
(1) If the n - 1 prescribed positions are in the same row, the 9 th say, as 
n > 3, so that there exists an integer p # 9 such that 1~ p < n - 1, 
we may permute the pth and nth rows and columns. Now, the 
prescribed positions are in the 9th row, but position (9, n) is pre- 
scribed, and this case was solved in (i). 
(2) If the n - 1 prescribed positions are in the same column, by transpos- 
ing the matrix we reduce the problem to the preceding case. 
(3) If the n - 1 prescribed positions are not all in the same row or 
column, by (b) of Lemma 5 there exists an (n - l)x(n - 1) matrix B 
having nonzero and distinct characteristic roots Xi, X,, . . . , X n 1 and 
having a, in the position (i,,j,), t=l,2,...,n-1. By Lemma 2, 
there exist U, z, E F and b E F such that 
B 0 
[ 1 u1 b IS the required 
matrix. n 
Now, we continue the discussion of cases (II) and (IV). 
Case (II). The Prescribed Positions Form a Nonprincipal Diagonal 
In this case the positions have the form (see [6, p. 81) (i, u(i)), i = 
1,2,..., n, where u is a permutation of order n, different from the identity 
permutation. 
As in [9], we consider the decomposition of u as product of disjoint cycles 
uk of length nk: u = uI. a,. . . . . a, (s < n), where cycles of length one are 
possible. We distinguish two cases: 
(1) s = 1, that is to say, u is a cyclical permutation; 
(2) 1 <s < 12. 
s = 1. Since a permutation on the rows followed by the same permuta- 
tion on the columns of a matrix is a similarity transformation, we may assume 
without loss of generality that the prescribed positions are (1,2), (2,3), . . . , 
(n - 1, n), (n, 11, and the prescribed entries are (after reordering) 
a,,a,,a, ,..., a._,,a,, respectively. 
Firstly, we treat the cases n = 2 and n = 3. 
PROPOSITION 3. Ifn=2, f(h)=(A-a)2, a E F, then there does not 
exist any 2 x 2 nonderogatory matrix with zero in (1,2) and (2,l) and f( h) as 
characteristic polynomial. 
Proof. The only matrix verifying these conditions is al,. n 
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PROPOSITION 4. Zf n = 2 and the conditions of Proposition 3 are not 
veri.ed, then there exists a 2 ~2 nonderogatory matrix with f(h) as char- 
acteristic polynomial and a,, a2 in (1,2) and (2, l), respectively, if and only 
if the equation f(x)+ ala2 = 0 has a root in F. 
Proof. This is obvious. n 
PROPOSITION 5. Zf n = 3 and a is a cyclical permutation, then there 
exists a 3 X 3 nonderogatory matrix with f(X) as characteristic polynomial 
and zero in (i, u(i)), i = 1,2,3, if and only if there is h E F such that 
f( X ) - h has three roots in F. 
Proof. If the matrix 
Xl 0 x2 
[ 1 Y2 Yl 0 0 22 Zl 
has f(X) as characteristic polynomial, then it is easy to verify that setting 
h = x2y2z2, the equation x3- c1x2 - c2x - (c3 - h) = 0 has xi, yi, zi as 
roots. And if there exists h E F such that xi, x2, x3 are roots of f(h) - h, then 
is the required matrix. 
PROPOSITION 6. Zf n = 3, ai #O for some i E {1,2,3}, and u is a 
cyclical permutation, then there always exists a 3 x 3 nonderogatory matrix 
having f(X) as characteristic polynomial and the entries a, in the positions 
(i, u(i)), i = 1,2,3. 
Proof One and only one of the following cases is possible: 
(i) There is exactly one i E { 1,2,3} such that a i # 0. 
(ii) There is at most one i E { 1,2,3} such that a i = 0. 
(i): Performing a suitable cyclical permutation on the rows of the matrix 
and the same permutation on its columns, we may assume that a, f 0 is 
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prescribed in (1,2). If cs = 0, then 
is the required matrix. If cs f 0, then 
verifies the requirements of the proposition. 
(ii): If there is one zero prescribed, then we may assume that us = 0 is 
prescribed in (3,l). Thus, 
A, = ZZ~1’(ulu2)H~2’(u2)AlH~2~(u,1)H~1)(a,1u,’) 
satisfies the requirements of the proposition except that it has not us in 
position (3,l). 
If ci # 0, let h, = c~‘(c3a~‘a~’ - us). Then a matrix which solves our 
problem is 
I$‘,“‘( h1)A2Z$',3'( - h,). 
Finally, if ci = 0 we set h, = u~‘(c,u~‘u~’ - a,), and 
Z$1,3’( h2)Z~2~3’( 1)A2Z$2,3’( - 1)Z$1,3)( - h,) 
is the required matrix. 
If u is a cyclical permutation the case n = 3 is complete. 
n 
PROPOSITION 7. Zf n > 3 and u is a circular permutation, then there 
always exists an n X n nonderogatory matrix with f(X) as characteristic 
polynomial and the entries a i in the positions (i, a(i)), i = 1,2,. . . , n. 
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Proof. One and only one of the following cases is possible: 
(a) a,=a,= ... =a,=O. 
(b) There is t E {1,2,...,n} such that a, # 0. 
(a): If cs = 0, the matrix Ati satisfies our requirements. 
If ca # 0 and for some k E {3,4,. . . , R - l} we have ck + 0, then 
z(n-k+l,n-1) 
n ( _ C2C~1)A~lz~-k+l.“-l)(c2c~l) 
isasolution.If c,#O, ck=Oforany k=3,4,...,n-l,andc,#O,as n>3 
and therefore n - 1 # 2, then 
p.n-y _ c2c; 
” 
1)Z;1~2'(1)A:Z;1,2'( - 1)zi2-“-1’( c2c,‘) 
is the required matrix. 
Finally, if also c, = 0, since position (1, n - 1) is not prescribed, permut - 
ing the first and last rows and columns of A’,, we obtain a matrix which 
satisfies the requirements of the proposition. 
(b): Since n > 4, the submatrix of A, formed by its first n - 2 rows and 
columns is of order greater than or equal to two. We denote this matrix by 
In this submatrix the n - 3 positions (1,2), (2,3), . . . , (n - 3, n - 2) are pre- 
scribed. Moreover, we may assume, without loss of generality, that an ~ 1 # 0 
is prescribed in (n - 1, n). By Lemma 6, there exists an (n - 2)X( n - 2) 
matrix M, similar to N, having the entries ui in the positions (i, i + l), 
i = 1,2 ,...,n-3. Let M=mT-’ , where T is nonsingular. We write 
MvO 
A,= (T@Z,)A,(T-‘@I,) = 0 0 1 > 
[ 1 d c2 Cl 
where v=Te,_,, en_2=[0,...,0,1]fEFn_2, and d=[~,,~,-l,...,~glT-~. 
kt v,_~ be the (n - 2)th coordinate of v. If v,_, = u_~, then A2 has 
the entries ai in the positions (i, i + l), i = 1,2,. . . , n - 2, and it is similar to 
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A,. If v,_s # an-a, we set 
M v’ en_, 
A, zc Z~~‘,“-“‘(l)A,Z~~1.‘-2’( _ 1) = 0 0 I 1 1 , d c; cl 
where 0’ is the vector of F,-, obtained by subtracting from v the last column 
of M, and cd is an element of F obtained by substracting from c2 the 
(n - 2)th coordinate of the vector d. Let v;_~ be the (n - 2)th coordinate of 
v’. Hence, 
A, = Z;nP1,n)(v;_2 - a”_,)A,Z~P’+‘(a.~, - v;_,) 
is similar to A i and has the entries a i in the positions (i, i + l), i = 1,2,. . . , 
n - 2. 
We denote by d, the following element of F: 
if 2),-z = an-2, 
entry in position (n, n) of A, if v,_~ + u+~. 
Let ml be the entry in position (1,l) of M. We denote by hi any element 
of F such that d 1 + h, # ml, and we write 
A, = Z~~“‘(hl)BZ~3”‘( - h,), 
where 
n-l if v,_ 2 = anP2 A2 if v,_a = an-2 
x := 
’ n-2 if qP2 Z an-2 
and B := A 
4 if q-a+ an_2 I 
It is clear that this transformation does not affect the prescribed entries which 
have already been put in B. So, if an _ 1 f 0, then, 
A, = H~‘(a,‘,)A,H~)(a,~,) 
is similar to A, and has a, in (l,i+l), i=l,2,...,n-1, entry d,+h, in 
position (n, n), zero in (1, n), and ml in (1,l). Let d n be the entry in 
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position (n, 1) of A,, and h := (a, - d,)(m, - d, - h,)-‘. Hence, 
A = I;‘~“‘( h)A,ZL’,“‘( - h) 
is similar to A 1 and has f(X) as characteristic polynomial and the entries a i 
in the position (i, a(i)), i = 1,2,. . . , n, u being a cyclical permutation. n 
Now, the case s = 1 is complete. 
l<s<n. Applying an appropriate permutation on the rows of the 
matrix and the same permutation on its columns, we may assume that 
(I = (7iu2 . . . a, (l<s<n), that oi=(l,..., n,), u,=(n,+l,..., n,+ 
n,), . . . , us=(nl+ .a- +n,_,+l,..., n), and that n,>2 for i=l,2 ,..., (Y, 
fl,=2for i=cu+l,..., /?, and n, = 1 for i = j3 + 1,. . . , s. Of course, some of 
the numbers (Y, p - a, and s - p may be zero, but we assume that (Y and 
/I - (Y do not vanish simultaneously, since otherwise u would be the identity 
permutation. 
We first prove exception (vi) of the theorem. 
PROPOSITION 8. Zf n = 3, u is a permutation which can be decomposed 
as a product of two disjoint cycles, the prescribed entries are such that the 
entry prescribed in the main position is ci and the other two are zero, and F 
has churacterktic 2, then there erists a 3 ~3 nonderogatory matrix having 
f(X) as churacteristic polynomial and a, in (i, u(i)), i = 1,2,3, if and only if 
f(A) has a root in F. 
Proof. We may assume that (1,2), (2, l), and (3,3) are the prescribed 
positions. If f(h) is the characteristic polynomial of 
Xl 0 x2 I I 0 Yl Y2 ’ 21 z2 Cl 
then 
x1= - Yl, 
XZZl + y,x, = c2 - rp, 
xlxezl - x,y,z, = c, + xfq. (1) 
Therefore, x~-cc1x~-c2xl- Q=O. Thus, f(xl)=O. 
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Conversely, if f(xr) = 0, it is enough to choose yr = - xi and zi, x2, ya, za 
appropriately satisfying (1) for the resulting matrix to have f(X) as character- 
istic polynomial and to be nonderogatory. n 
We conclude case (II) when n = 3 with the following proposition. 
PROPOSITION 9. Zf n = 3, e is a permutation which can be decomposed 
as a product of two disjoint cycles and the conditions of Proposition 8 are not 
verified, then there always exists a 3 x 3 nonderogatory matrix with f(X) as 
characteristic polynomial and a, in (i, a(i)), i = 1,2,3. 
Proof. We may assume that the entries a,, a2, and a3 are prescribed in 
the positions (1,2), (2, l), and (3,3), respectively. 
(i) If a,=a,= 0 and ci # a3, we write 
So T is nonsingular, and TA,T- ’ is the required matrix. 
- 0, ci = a3, and F has not characteristic 2, let a E F be a 
h, := ( - a3 -aa,a2+c,a-cc,)(2a)-’ and h,:= - f(a)(2a)-‘. 
Then 
has f(X) as characteristic polynomial. Moreover, if F has more than three 
elements, a can always be chosen so that h, # 0, and therefore A is 
nonderogatory. If F is a field with exactly three elements, we have a # - a, 
and since XI, - A has a minor of order 2 equal to X - a and another one 
equal to - X - a, and a f 0, the g.c.d. of the minors of order 2 of AZ, - A is 
1; so A is nonderogatory. 
(iii) In any other case, a2 z 0 or a, # 0. Permuting the first and second 
rows and columns of the matrix, if necessary, we may assume that a, # 0 is 
MATRICES WITH PRESCRIBED ENTRIES 
prescribed for (1,2). Let 
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0 1 0 
ala2 a3-c1 1 
So T is nonsingular and TA ,T- ’ is the required matrix. W 
REMARK. By Propositions 8 and 9, for any field F, if f(X) = A3 - c,X and 
a3 = 0, then there always exists a 3 X 3 nonderogatory matrix A with the 
entries a r, a a, a 3 in positions (1,2), (2, l), and (3,3), respectively, and f(X) as 
characteristic polynomial. 
The following lemma gives a property of a matrix which transforms A, 
into A when the above conditions hold, u3 being zero. This result will be used 
later. 
LEMMA 7. Let A be u 3 X 3 nonderogatory matrix having f( A) = A3 - c,X 
as characteristic polynomial, entries a 1, u2 E F in (1,2) and (2, l), and zero 
in (3,3). Then, there exists a matrix T with 1 in position (3,3) and such that 
A = TA,T- l. 
Proof. A simple observation enables us to see that if a 1 # 0 or a 2 f 0 [as 
in (iii) of the proof of Proposition 9, we may assume that a 1 # 01, T can be 
al 0 0 
[ 1 0 -a1u2 A Y ’ 
if al=a2= 0 and c2 # 0, T can be 
i 01 01 0 -c;l 0; 1 1 
andif a1=a2=c2=0, Tcanbe 
11 0 
1 1 0 0 -1. 01 1 
In order to prove the general case, we need another partial result. 
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PROPOSITION 10. Zf n = 4, there always exists a 4 x 4 nonderogatory 
matrix with f(X) as characteristic polynomial and entries a,, a2, a3, a4 in the 
positions (1,2), (2, l), (3,4), and (4,3), respectively. 
Proof. As far as the prescribed entries are concerned, any possible case 
may be reduced to one of the following: 
(i) al = a2 = a3 = a4 = 0, 
(ii) (aI = a2 = 0) and (a3 # 0 or a4 f 0), 
(iii) (aI # 0 or a2 # 0) and (a3 f 0 or a4 # 0). 
We treat each of these cases separately. 
(i): We subdivide this case into two other cases: 
(ii) c,=O, 
(is) ci f 0. 
(ii): If a1=a2=a3=a4 = c, = 0, a matrix satisfying the requirements of 
the Proposition is obtained permuting the 2nd and 3rd rows and columns of 
Zizx4’( Q)Z$~.~)( 1)A1Z$3.4)( - l)Zj’,“‘( - c3). 
(ia): If ci + 0, by permuting the 2nd and 3rd rows and columns of 
Z~T~)( c~c;‘)A,Z;~~~‘( - c3c; ‘) 
a matrix satisfying the required conditions is obtained. 
(ii): If one of the entries a3 or a4 is zero, by permuting the 3rd and 4th 
rows and columns, we may assume that a4 = 0 is prescribed in (4,3). Let 
T = Z$2~4’(a3(a4 - c2a,’ ))H~3)(a3)Z~2~3)(1)Z~2~‘)(1) 
Then TA ,T- ’ satisfies the requirements of the proposition. 
(iii): As in (ii), we may assume that al # 0 and a3 # 0. Let 
T = Zi2x4)(a3(a4 - c2a,‘))Zj’,3’( - a2a,)ZZf’(a3)ZZ~‘)(al). 
Then TA ,T- ’ is the required matrix. n 
PROPOSITION 11. Zf (I is not a cyclical permutation and n > 3, then there 
always exists an n x n nonderogatory matrix having f(X) as characteristic 
polynomial and a, in (i,a(i)), i = 1,2 ,..., n. 
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Proof. As above, we assume that u = uius. . . a, (1~ s < N), where each 
uk is a cycle (k = 1,2 ,..., s), cri =(l,..., n,) ,..., us =(n, + . . . + n,_, + 
1 ,*.*> n), in which n,>2 for i=1,2 ,..., cx, ni=2 for i=a+l,..., /3, and 
n,=lfori=p+l,...,s. 
One and only one of the following cases is possible: 
(i) p < s, i.e., there are cycles of length one; 
(ii) j? = s, i.e., there are no cycles of length one. 
(i): p c s. We consider two cases: 
(ii) p - (Y = 28, i.e., the number of cycles of length two is even or zero; 
(iZ) /I - (Y = 2v + 1, i.e. the number of cycles of length two is odd. 
(il):~-ol=2~.Letd,=a,,+~e+...+na+~+~~~+ua.bethesumofthe 
s - p last prescribed entries. In order to simplify the notation we write 
m=n,+n,+ *.. + na, and c = ci - d,. 
By means of the iteration 
B, = Z;“- V-?+I)( _ C)B,~IZ~~‘.“-‘+l)(C), r=1,2 ,...,n-rn: 
where B, = A,, we obtain 
0 1 ... 0 0 ... 0 0 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . 
0 0 ... c 1 ... 0 0 
B n-nt= + ( mttl row). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
0 0 ... 0 0 ... 0 1 
* * . . . * * . . . * d,_ 
We set 
t 
( nith column) 
B 
S R 
n-R, = 
[ 1 P Q’ 
where S and Q are square blocks of orders m and n - m, respectively. It is 
clear that there are no prescribed positions in R and P, that all the positions 
prescribed as nonprincipal are in S, and that the n - m positions prescribed 
in Q are principal positions. On the other hand, the prescribed entries 
corresponding to Q are a *+ r, . . . , an, and 
a,+,+ ... +u,=d,=trQ. 
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By case (i) of the theorem, there exists a matrix Qi, similar to Q, with 
entries a m + i, . . . , a,, on the main diagonal Let Qi = UQU- ‘, where U is an 
(n - m)X( rt - m) nonsingular matrix. 
Now, we are going to define 1y + v main submatrices of S in the following 
way: 
(1) For k = 1,2,..., (Y and assuming that n, = 0, S, is the submatrix of S 
formed by its (n,+ ... +r~~_,+l)th,...,(n,+ ... +n,)th rows and col- 
umns. 
(2) For k=a+l,a+3,..., (Y +2v - 1, S, is the submatrix of S formed 
byits(n,+ ... +nk_,+l)th,(n,+ ... + n,)th, (n i + . . . + nk + l)th, and 
(n, + . . . + nk+i)th rows and columns. 
If p - (Y # 0, the submatrices S, have the following forms: for k = 1,2,. . . , a, 
s, = 
0 1 ... 0 0 
0 0 ... 0 1 
0 0 ... 0 0 “t x “t 
for k=a+l,cu+3 ,..., a+2v-3, 
0 
SE0 [ 
1 0 0 
0 
k 
0 0 
0  10; 1 0 1 0 0 
and 
SD-i= [ 
0 1 0 0 
0 0 1 0 0 1  . 
0 0 0 c 
If p - (Y = 0, the submatrices Sk have the following forms: for k = 1,2,. . . , 
a- 1, 
Sk = 
c 0 1 ... 0 0 . . . . . . . . . . . . . . . 1 ; L 0  0  ... . 0  0 1 
J “k x “k 
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i 
0 1 ... 0 0 
. . . . . . . . . . . . . . . S, = . 
0 0 ... 0 1 
0 0 .*. 0 c 
1 
n,Xn” 
In any case, the prescribed positions corresponding to each submatrix Sk are: 
(1) for k = l,..., Ly, (i, Uk(i)), i = n, + . . . + fl_1+ l)...) nr + . . . + nk; 
(2) for k=a+l,cr+3,..., a+2v-1, (i,a(i)), i=n,+ ... +n,_,+ 
l,n,+ ... +n,,n,+ *.. +nk+l,n,+ ... +nn,+,. 
By Propositions 5,6,7, 10, there exist square nonsingular matrices Tk such 
that M, = T,S,Ti’ has: 
(1) for k=l,..., a, the entries a, in the positions (i, a(i)), i = n, 
+ ... +nk_,+l,...,n,+ ... +n,; 
(2) for k=a+l,a+3,..., (Y + 2v - 1, the entries a, in the positions 
(i, e(i)), i=n,+ ..I + nk_i + 1, n, + . . . + nk, n1 f . . . + nk + 1, ni 
+ ... +flk+r. 
If T = [T,@T,@ . . . cBT,@T~+~@ . . . @T,+,,_,@U], then A = TB,_,T-’ 
is similar to A 1 and has the entries a i in the positions (i, a(i)), i = 1,2,. . . , n. 
In consequence, A verifies the requirements of the proposition. 
(iz): /I - LY = 2v + 1. First we treat the particular case where (1,2), (2, l), 
and (i,i), i=3,4 ,..., n, are prescribed positions, i.e. m = 2. Let d, = a 4 
+ . . . + an and c = c1 - d 1. By means of the iteration 
B, = II”- r,n--r+y _ c)%,_lI~-‘.“-‘+l)(c), r=1,2 ,..., n-3, 
where B, := A,, we obtain 
% n-3= 
-0 1 0 ** 
0 0 1 . . 
0 0 c ** 
. . . . . . . . . . . . 
0 0 0 . . 
* * * . . 
. 0 0 
. 0 0 
* 0 0 
. . . . . . . . 
. 0 1 
. * d, 
Let S, be the submatrix of %,_s formed by its first three rows and 
columns, and S, the one formed by the last n - 3 rows and columns. As in 
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(ii), there exists an (R - 3) x (n - 3) nonsingular matrix T, such that T,S,T; ’ 
has the entries a, in the positions (i, i), i = 4,5,. . . , n. Since 
0 1 0 
S,=O 0 1, 
[ I 0 0 c 
we may apply Proposition 8 or 9, and then there exists a 3 x 3 nonsingular 
matrix Tl such that T,S,T;’ has a,,a,,a, in (1,2), (2,1), and (3,3) respec- 
tively. 
Now, (T,@ T,)B, _ J T; ‘@T; ‘) is the required matrix. 
Let m > 2. If s - /3 = 1 (i.e., m = n - l), we denote by c any element of 
F such that ci - c # an, and we write d, = ci - c. However, if s - p > 1 (i.e. 
m < R - l), let d, = urn+++ + . . . + a, be the addition of the s - p - 1 “last” 
prescribed entries, and in this case we assume c = ci - d,. Since 2 < m < n - 
1, by means of the iteration 
B, = Zi”- W-r+l)( _ c)Br_lZ;“-‘.“-‘+l)(c), r = 1,2 ,...,n-m+2, 
where B, := A,, we obtain 
B n-n,+2 = 
0 1 .‘. 
. . . . . * . . . 
0 0 ... 
. . . . . . . . . 
0 . . . 
* * . . . 
. . 
0 0 ... 0 0 
. . . . . . . . . . . . . . . . . 
. . 
c 1 ... 0 0 
.*............... 
0 0 ... 0 1 
* * . . . * d, 
(m ~ 2)th column 
We denote by S, the submatrix of Bn_m+2 formed by its first m - 2 rows 
and columns, by S, the one formed by the (m - l)th, mth, and (m + 1)th 
rows and columns, and by S, the one formed by the last n - m - 1 rows and 
columns of Bn_m+2. 
If s - j3 > 1, we have 
s, = I 0  0 1 0 1 
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and by Propositions 8 and 9, there exists a 3 X 3 nonsingular matrix T, such 
that T,S,T; ’ has the entries am_ 1, an,, a, + I, in the positions (m - 1, m), 
(m, m - l), and (m + 1, m + l), respectively. Moreover, as in (ii), there exist 
square nonsingular matrices T, and T3 of orders m - 2 and n - m - 1, 
respectively, such that T,S,Tc’ has the entries ai in the positions (i, u(i)), 
i=1,2 , . . . , m - 2; and T,S,Tsp’ has the entries a, in the positions (i, i), 
i=m+2,...,n. 
Setting T = T,CB T,@ T3, then TB, rrl + STp ’ is the required matrix. 
Finally, if s - /I = 1, then m = n - 1 and the matrix S, is absent. As in 
(i 1 ), there exists an (n - 3) X(n - 3) nonsingular matrix T, such that T,S,T, ’ 
has the entries a i in (i, a(i)), i = 1,2,. . . , n - 3. Moreover, in this case 
0 
s,=o i 
1 0 
0 * * 1. 1 d, 
Since d 1 # a “, by Proposition 9 there exists a 3 X 3 nonsingular matrix Tz 
suchthat T,S,T;’ hastheentriesu._,,u._,,u,, in(n-2,n-l),(n-1,n 
- 2), and (n, n), respectively. Now, the solution follows as above. 
So, case (i) of the proposition is concluded. 
(ii): p = s. In this case we may assum e, without loss of generality, that if 
u = (Jius. . . a,, where uk is acycle of length nk, k=1,2,...,s, then ni=2 
for i = 1,. . . , a, n,>2 for i=a+l,..., s, and ni=gni+l for i=a+l,..., 
s - 1. 
Just as in (i), we consider two subcases: 
(iii) LY= 2v, (iiz) a=2v+l. 
(ii ,): Firstly, we assume n, > 3. For k = 1,2,. . . , v, we denote by S, the 
submatrix of A, formed by its (n, + . . . + nzkp2 + l)th, (nl + .. . 
+ n,,_,)th, (n,+ ... +n,,_,+l)th, and (n,+ ... +nzk)th rows and col- 
umns, agreeing that no = 0. For k = 1,2,. . . , s - (Y, we denote by Svck the 
submatrix of A formed by its (nl + ... + natkpl + l)th,. . , (ni 
+ ... +n a+k)th rows and columns. 
By Proposition 10, for k = 1,2,. . . , v, there exist 4 X 4 nonsingular matrices 
Tk such that T,S,Ti 1 have the entries a i in the positions (i, u(i)), i = n1 
+ . . . + n2k_2 + 1, n, + . . . + nzkpl, n, + . . . + risk_ 1 + 1, n1 + . . . + nzk. 
By Propositions 5, 6, and, 7, for k = 1,2,. . . , s - LY, there exist nk+ dsquare 
nonsingular matrices Tu+k such that TV+ kS,,+kTvp+l~ have the entries a i in the 
positions (i,u(i)), i=n,+ ... +r~,+~_~,...,n~+ ... +natk. Let T=T, 
@ . . . @Tv~Tv+l@ . . . e+TSpY. Then TA ,T- 1 is the required matrix. 
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Now, we assume that n, = 2 for i = 1,. . . , a and n, = 3 for i = a + 1,. . . , s 
(a + s). Given that (Y = 2v and that n > 3, it is clear that n > 7. Let 
T = Z(n-3,“)( _ c3 _ C2C&;p3sn- “( _ C2)z;np2.“)( _ c2)e 
” 
Hence, 
A,= TA,T-'= 
0 1 
. . . . . 
0 0 
0 0 
0 0 
* * 
. . . 0 0 0 0 
. . . . . . . . . . . . . . . . 
. . 0 1 0 0 
. . . c2 0 1 0 
. . . d, 0 0 1 
. . . * 0 0 Cl 
where d, = cs + c2c1. 
We define Sk and S,,, for k = 1,. . . , v and for k = 1,. . . s - a, respec- 
tively, as in the above case but being submatrices of A, instead of sub- 
matrices of A,. Propositions 5, 6, and 10 enable us to solve the problem as in 
the previous case. 
Finally, if n, = 2, for i = 1,2,. . . , s, defining sk, k = 1,. . . , v, as above 
Proposition 10 enables us to solve the problem. 
(iis): (Y = 2v + 1. If n > 5, we denote by S, the submatrix of A, formed 
by its first three rows and columns: 0 1 0 
s,= 0 0 1 
[ 1 0 0 0 
By Lemma 7, there exists a 3 X 3 nonsingular matrix T, with 1 in position 
(3,3) and such that T,S,T;’ has a,, a2 in (1,2) and (2,1), respectively, and 
zero in (3,3). Let 
A,= (T,@Z,_3)A1(T;1@Z,_3)= 
I t,, 0 ... 0 
T,S,T,-’ 
I 
I t,, 0 . . . 0 
where Ai, is the submatrix of A, formed by its last n - 3 rows and columns, 
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and [t,,, t,, 11’ is the last column of T,. 
Let S, be the submatrix of A, formed by its n - 2 last rows and columns. 
So S, is the companion matrix of the polynomial Xne2 - c,Xnm3 - . . . - 
C ,-J - d,_,. Since n > 5, the order of S, is greater than 3, and therefore, 
by Proposition 7 or by (iii), there exists an (n - 2)x( 12 - 2) nonsingular 
matrix T, such that T,S,T;’ has the entries a, in the positions (i, u(i)), 
i = 3,4,..., n. Now, (Zz@T2)A2(Z2@T~‘) is the required matrix. 
To conclude the proof of this Proposition there is one case left: n = 5, 
n 1 = 2, and na = 3. Let A, be the matrix of case (iii), and S, the submatrix 
formed by its first three rows and columns: 
0 1 0 
s,=o 0 1. 
i I 0 ca 0 
Now, Lemma 7 and a procedure similar to the one above enable us to find a 
matrix satisfying the requirements of the proposition. 
The proof of the proposition is now concluded. n 
With this proposition case (II) of the theorem is complete. We now look 
at: 
Case (IV). The Prescribed Positions Are Not a Row or Column, and They Do 
Not Form a Diagonal 
In this case it is clear that at least one row or column has no prescribed 
positions. 
Firstly, we are going to treat exceptions (iii), (vii), and (viii) of the 
theorem. 
PROPOSITION 12. Zf n = 3 and the prescribed positions are, unless we 
make a permutation, (1,2), (1,3), and (2,3) or their symmetric positions, then 
there exists a 3 ~3 nonderogatory matrix having f(X) as characteristic 
polyrwmial and zeros in the prescribed positions if and only if f(X) admits 
three roots in F. 
Proof. It is obvious that the condition is necessary. Moreover, if xi, x2, x3 
are roots of f(h), then 
[ Xl 0 *2 01 x3 0 1 1 3 
or its transpose, verifies the requirements of the proposition. n 
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PROPOSITION 13. Zf n = 4, and (1,3), (1,4), (2,3), and (2,4) are, unless 
we make a permutation, prescribed positions, then there exists a 4x4 
nonderogatory matrix having f(X) as characteristic polynomial and zeros in 
the prescribed positions if and only if f(h) admits a factorization in F us 
product of two quadratic polynomials. 
Proof. The condition is obviously necessary. Moreover, if f(X) = (X2 - 
d,X - d2)(X2 - h,X - h,), then 
I d, 0 d, 01 h, 0 1 h, 0 1  
or its transpose is a solution. 
Theorem 2 of [l] suggests exception (iii) of the theorem. 
n 
PROPOSITION 14. Zf there are n - 1 positions which are prescribed as 
nonprincipal on a row or column, the entries prescribed in them are all zeros, 
and the conditions of Proposition 12 are not verified, then there exists an 
n x n nonderogatory matrix having f(X) as characteristic polynomial and the 
prescribed entries at in the positions (i,, jt ), t = 1,2,. . . , n, if and only if f( X) 
has at least one root in F. 
Proof. Performing a suitable permutation on the rows and the same 
permutation on the columns and transposing the matrix, if necessary, we may 
assume that the n - 1 positions which are prescribed in one row or column 
are in the first row and the remaining prescribed position is in the second 
row. We may also assume that a, is prescribed in (2, j,). 
The condition of the proposition is obviously necessary. We are going to 
see that it is sufficient. 
Let f(h) = (h - b)(X”-’ - d,Xne2 - . . . - d,_,A - d,_,). By Proposi- 
tion 1, there exists a nonderogatory matrix A, with b in position (1, l), zeros 
in (l,i), i = 2,3 ,..., n, and with f(X) as characteristic polynomial. Let 
b 0 ... 0 0 
1 0 ... 0 d,_, 
A,= ! ..I.............. , 
0 0 ... 0 d, 
0 0 ... 1 d, 
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Cl = b + d,, 
ck = d, - bd,_,, k=2,...,n-1, 
c, = - bd._.,. 
If a n # 0 and j, = 1, then HL2’( a .)A 2H!,2)( a ; ’ ) is the required matrix. 
If a, = 0 and j, = 1, then Z,!,3s2)(1 + b)Z~1~2)(1)A2Z~‘~2)( - 1)Z,(,3,2)( - 1 - b) 
satisfies the requirements of the proposition. 
If a,,=Oand j,~{2,3 ,..., n - l}, then A, is a solution. 
If a,#0 and j”~ {2,3 ,..., n - l}, a matrix satisfying the requirements 
of the proposition is 
Z(i.+1~2)(u.)A2z~j~+l.2)( _ u,,). 
n 
Finally, we assume j, = n. 
If d,-, # 0 and a, + 0, a solution is 
If d,_, = 0 and a, # 0, a matrix verifying the requirements of the 
proposition is I:‘,“)( - u”)Z~~~“( - b)A2Z~2~“(b)Z~1~“‘(u~). 
In any other case, a, = 0, and since the conditions of Proposition 12 are 
not verified, we must have n > 3. 
If dnpl=un = 0, a solution is A,. 
If a, =O, d,-, #O,andthereis kE{1,2,...,n-2) suchthat d,+O,a 
solution is Z(“-k+1,2)( - d,_,d~‘)A2Z~~k+‘~2)(d,~ld~1). 
If u,,=~,d~_,+0,anddk=0foranyk=1,2,...,n-2,thenaso1ution 
is Z!~2)(d~pl)Z~~2)(1)A2Z~~2)( - 1)Z!,3,2)( -d,-,). a 
Since in case (IV) there is at least one row or column which has no 
prescribed positions, but it can have more than one, we are going to choose 
one of them in the following way: If the rows which have no prescribed 
positions are the fith, j&h,. . . , f;th, and the columns which have no pre- 
scribed positions are the kith, k,th, . . . , k,th, we denote by mi the number of 
positions which are prescribed in the column f;, i = rn; the 
number of positions prescribed in the row k,, i = 1,2,. . . , s. Let 
p = min l<iit {mi,m>). 
lgj& 
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If~=miforsomeiEi1,2,...,t},say~=my,wechoosethef~throw;and 
if p=rn; for some jE {1,2,...,s}, say p=rnb, then we choose the kpth 
column. 
Now, performing a suitable permutation on the rows of the matrix and the 
same permutation on its columns, and transposing it if necessary, we may 
assume that in the nth row there are no prescribed positions, that the nth 
column has p prescribed positions, and that if the 9th row (or column) has no 
prescribed positions, then the 9th column (or row, respectively) has at least p 
prescribed positions. 
LEMMA 8. Let (i,, jt), t = 1,2,. . ., n, be the n prescribed positions of the 
theorem in case (IV). Let p > 2. Suppose k,, . . . , k, be all the positive integers 
smaller than n verifying: 
(i) k,#jt foreverymE{1,2 ,..., s} andforeverytE{1,2 ,... n}; 
If (k,, n) form=l,..., s a prescribed position, then s < 2 and p = 2. 
Proof. Firstly, it is clear that in the last column there are at least s 
prescribed positions: (k,, n),(k,, n),. . .,(k,, n). Thus p > s. We may assume, 
without loss of generality, that k, = n - m, and so in the n-s - 1 first 
columns there are at most n - s prescribed positions. Moreover, from the 
conditions of the lemma we deduce that each one of the n - s - 1 first 
columns must have at least one prescribed position. So p < s + 1, and 
therefore s < p < s + 1. We treat the two possible cases: 
(a) p=s+l, (b) /L=s. 
(a): p = s + 1. We may assume that the positions prescribed in the nth 
column are (n-s-l,n),(n-s,n) ,..., (n - 1, n). In this case, in each of 
the n - s - 1 first columns there is one and only one prescribed position. But 
since p > 2, in the n - s - 1 first rows there must be at least one prescribed 
position in each row [in the (n - s - 1)th row the position (n - s - 1, n), is 
prescribed]. 
On the other hand, since the (n-s)th,(n-s+l)th,...,(n-1)th col- 
umns have no prescribed positions and p > 2, in the (n - s)th,( n - s + 
l)th,..., (n - 1)th rows there must be at least one prescribed position in each 
row different from the positions which are prescribed in the nth column. 
Thus, the number p and the conditions of the lemma determine the way in 
which (n - s - 2) + s + (s + 1) positions are prescribed. Therefore (n - s - 2) 
+s+(s+l)<n. So sgl, and as ~~.=s+l and ~>2, we have s=l and 
p = 2. 
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(b): p= s. In this case, in the n - s - 1 first columns there are n - s 
prescribed positions. Therefore, in each of the n - s - 1 columns except one, 
the qth column say, there is only one prescribed position, and in the 9th 
column there are two. In the same way as in (a) we may deduce (n - s - 2) + 
s + s < n, and therefore s < 2. Since, p = s > 2, we have p = s = 2. n 
REMARK. It can be observed that in (a) when s = 1, then (n - s - 2)+ s 
+ (s + 1) = n, and in (b) when s = 2, then (n - s - 2)+ s + s = n. Therefore 
the conditions of Lemma 8 determine that the positions must be prescribed in 
the following way: 
(a) (s = 1): 
(1) In the submatrix formed by the first n - 1 rows and first n - 2 
columns there is one and only one prescribed position in each row and 
column, except in the (n - 2)th row, which in this submatrix has no pre- 
scribed positions. 
(2) In the (n - 2)th row the only prescribed position is (n - 2, n). 
(3) In the (n - 1)th row the position (n - 1, n) is also prescribed. 
(b) (s = 2): 
(1) In the submatrix formed by the first n - 1 rows and first n - 3 
columns there is one and only one prescribed position each row and column, 
except in the 9th row and column. Moreover, in the 9th row there are no 
prescribed positions, and in the 9th column there are two prescribed posi- 
tions. 
(2) In the (n - 1)th and (n - 2)th rows, positions (n - 1, n) and (n - 2, n) 
are also prescribed. 
In the sequel we denote by (in_lr+lrn),(i,_,+,,n),...,(i,,n) the posi- 
tions prescribed in the last column, and by a n P+ i, a n P+ a,. . . , a n the entries 
prescribed in them. Also, we agree that if in the proof of the following 
propositions we need to perform a permutation on the rows of the matrix and 
the same permutation on its columns, this permutation does not affect the nth 
row and column; i.e., every permutation will be of the form 
i 21 . 1 22  . ... . n-l i n-l n i ’ 
PROPOSITION 15. Zf the conditions of Propositions, 12, 13, and 14 are 
not satisfied, and p> 2, then there always exists an n X n nonderogatory 
matrix with f(A) as characteristic polynomial and with a, in the position 
(i,, j,), t = 1,2 ,..., n, of case (IV). 
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Proof. Since ~1 > 2, there are at least p - 1 columns without prescribed 
positions. Let k 1, k,, . . . , k, (s > p - 1) be such columns. The following cases 
are possible [cases (a) and (b) are not contradictory]: 
(a) There is 1~ {n-p+l,..., n} such that u1 f 0 (say u,#O), and 
there is j E { 1,2,. . . , s } such that CJ = k j. 
(b) There exists j E { 1,2,. . . , s} such that for every TV {n-p+ 
1 >...> n}, k, # i,. 
(c) Any other case. 
(a): First we assume n > 4, and later on we solve the case n = 3. 
Performing a suitable permutation on the rows of the matrix and the same 
permutation on its columns, and reordering the prescribed entries if neces- 
sary, we may assume that an # 0 is prescribed in (n - 1, n) and that the 
(n - l)th column has no prescribed positions. 
Let (n - 1, j,mB_B+l),...,(n - 1, jnpp) be the /? positions prescribed in 
the (n - 1)th row such that j, # n, t = n - 1-1 - P + 1,. . . , n - p. Let 
a.~,~/J+l>...> a”_,, be the /3 entries prescribed in these positions. It is clear 
that p > 1, since the (n - 1)th column has no prescribed positions and p > 2. 
Finally, let a, ,..., u,-,-~ be the remaining entries prescribed in 
(ii, j,),..., (inpp-p, jn_p__p>, respectively. 
We denote by b,, (Y = 1,2,. . . , n - p - j3, the elements of F defined as 
follows: 
b, := a, if (i,, j,)Z(i,, j,,) for every tE {n-p+l,...,n} or every mE 
{fl-CL-/?+-t,...,n-/J}, 
b, := u, - u,,utu,’ if (i,,j,)=(i,,j,,,)forsometE{n--++,...,n}and 
forsome mE {n-p-p+l,n-CL}. 
Let N be the submatrix of A, formed by its R - 2 first rows and columns. 
Since p + p 2 3, in the n - 2 first rows and columns there are at the most 
n - 3 prescribed positions. By Lemma 6, there exists an (n - 2)X( n - 2) 
nonsingular matrix T such that TNT- ’ has the entries b, in (i,, j,), (Y = 
1,2,..., n--p-_. Wewrite 
B, = (TCT~Z,)A,(T~%B~,) = 0 
[:” i2 iI], 
where b=Te,_,, e,-,=[O ,..., O,l]‘EF,_a, and d=[c “,... ,~a]T-i. Thus, 
B, is similar to A, and has the entries b, in (i,, j,), (Y = 1,2,. . , n - /.L - b. 
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Now, B, = Hp’(a, ‘)B,,Hr)(a,), satisfies the same conditions as B, and 
has u n in (R - 1, n). By means of the iteration 
r = 1,2 ,...,I*- 1, 
we obtain BP, which has the entries b, in (i,, j,), (Y = 1,. . . , n - p - ,L3, and a, 
in(it,n), t=n-p+l,..., n. Finally, by means of the iteration 
r=l ,.‘., P> 
we obtain Bp+p, which is similar to A, and has a, in the position (i,, j, ), 
t=1,2 )...) n. 
If n = 3, we may assume that the prescribed positions are (1,3), (2, l), and 
(2,3), and that a3 # 0 is prescribed in (2,3). Writing 
T = Z~z+z,a,’ )H$3)(a;‘)Z~‘~3)( -a,), 
where a2 is prescribed in (2, l), we can see that TA,T- 1 satisfies the 
requirements of the Proposition in case (a). 
(b): This case is only possible when p < n - 1, since if II = n - 1, then for 
every j E {1,2,..., s} there always exists TV {n-p+l,...,n} such that 
k j = i,. Moreover, as 2 Q p < n - 2, we have n > 3, and as p < n - 2, in the 
last column there is a position which is not prescribed. We denote this 
position by (q, n). Moreover, since k j f i,, we have that the qth column has 
no prescribed positions. Performing an appropriate permutation on the rows 
of the matrix and the same permutation on its columns, we may assume 
q = n - 1. Now, we may solve the problem by a procedure similar to that of 
(a). 
(c): In this case, if k,, k,, . . , k, are all the columns which have no 
prescribed positions, then (k 1, n), (k,, n ), . . . , ( k,y, n) are prescribed positions 
and the entries prescribed in them are zero. 
First we treat the case n = 3. Since the conditions of Proposition 14 are 
not satisfied, there are no prescribed zeros in (1,3) and (2,3) simultaneously. 
We may assume that a 1, a 2, a3 are prescribed in (1,2), (1,3), and (2,3), 
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respectively, and that a3 # 0 and a i # 0. So 
i 0 a1 0 a3 0
-I -1 
C3Ul a3 
-I 
c2u 3 Cl I 
is the required matrix. 
Now, let n > 4. By Lemma 8, there are only two possible cases: 
(ci) p = 2 and s = 1, 
(c2) p=s=2. 
In both subcases we may assume that the positions prescribed in the last 
column are (n - 3, n) and (n - 2, n). Also, we may assume that in (ci) the 
entry prescribed in (n - 2, n) is an = 0. So in (ci) the (n - 2)th column has 
no prescribed positions, and in (c 2) the (n - 2)th and (n - 3)th columns have 
no prescribed positions. 
(cr): By Lemma 8, in each of the lst,2nd,. . . ,( n - 3)th,( n - 1)th rows 
and columns there is one and only one prescribed position. Moreover, in the 
(n - 2)th row two positions are prescribed [one of them is (n - 2, n)], and in 
the (n - 3)th row the only position prescribed is (n - 3, n). 
If n = 4, the prescribed positions are either (i) (1,4), (2, l), (2,4), and 
(3,3), or (ii) (1,4), (2,3), (2,4), and (3,l). It is clear that there is no 
permutation which transforms the positions of the first case into those of the 
second case. However, if n > 4, taking into account that in the (n - 2)th row 
only one position is prescribed other than (n - 2, n), by performing an 
appropriate permutation on the rows of the matrix and the same permutation 
on its columns, we may assume that this position is not (n - 2, n - 1). So we 
distinguish the following cases: 
(i) 12 > 4, (ii) n = 4. 
(i): n > 4. We may assume that the following conditions hold: 
(1) (in_2, n - 1) (i,_, z n - 2) is the position prescribed in the (n - 1)th 
row. 
(2) (n - 2, jn-s) (j”-s + n - 1) is the position prescribed in the (n - 2)th 
row which is different from (n - 2, n). 
(3) (n - 1, jn_4) is the position prescribed in the (n - l)th row. 
(4) a,-, is prescribed in (n - 3, n). 
(5) If i,_, # n - 1 or jnP4 # n - 1, then ~,~,,a,~,, an-4 are prescribed 
in (inp2,n - l), (n - 2, jn_3), and (n - 1, jnP4), respectively, and a, is 
prescribedin(i,,j,), t=1,2 ,..., n-5. 
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(6) If i,_, = j,,_4 = n - 1, then a,_,,~,_, are prescribed in (n - 1, n - 
1) and (n - 2, j”_a), respectively, and at is prescribed in (i,, jt ), t = 
1,2 ,..., n-4. 
Thus, in the n - 3 first rows and columns, at the most n - 4 positions are 
prescribed. If N is the submatrix of A, formed by its n - 3 first rows and 
columns, by Lemma 6 there exists an (n - 3) x (n - 3) nonsingular matrix T 
such that TLVT-’ has the entries a, in the position (i,, jt), where if i,_, f n 
-lthent=1,2 ,..., n-5,andifin_2=jn_4=1thent=1,2 ,... n-4.Let 
A, = (TCBZ.&~,(T-~CB~,) = 
TA’T-’ b 0 0 
r-i 
0 01 101 
L-J 
0 00 1 
d c3 c2 Cl 
where b=Te,_, and e,_,=[O ,..., O,l]‘EF,_,, and d=[c,,...,c,]T-‘. 
Now, we can solve the problem by means of the following similarity transfor- 
mations: 
(1) If i,_, = j,_4 = n - 1, we denote by b the entry in position ( jn_a, n 
- 3) of A,, and h := a,_3a,plb - an_2. So, if we write 
T, = ,p-2, n-1)( - h)q”-:l. “-I)( - an_3)z~~l,n-3)(un_l), 
then T,A 2T; ’ is the required matrix. 
(2) If i, _2 # n - 1 (then jnp4 # n - l), we denote by b the entry in 
position (j+s, jn_4) of A,, and h, = an-4 + banpa. So, if we write 
T2 = z(L4.n)( - h,)Z;in-~2n-l)( - a”_3), 
” 
then * 0 0 
A3 = 12i - 4,T;‘= * ’ ; 
[ 1 * 0 * c2 Cl 
is similar to A i, and has Q t in (i,, jt ), t = 1,2,. . . , n - 3. Let b be the entry in 
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(inp2, n - 3) of A,, and let h, = anp2 + banpI. Then, if 
we have that T3A3T; ’ is the required matrix. 
(ii): n = 4. If the position (2,3) is not prescribed, we can solve the 
problem as in case (i). If (3, l), (2,3), (1,4), and (2,4) are the prescribed 
positions and a,, a2, us, and a4 are prescribed in them, we can solve the 
problem as follows: If a2 # 0, writing T, = H~2)(a,)Z~‘,4’( - u,)Z~~~“(U,), we 
have that T,A,T;’ is the required matrix. If a2 = 0, we perform a permu- 
tation of the 1st and 2nd rows and columns of A,, and so we obtain 
0 0 1 0 
Now, if T, = Z~2~3’(a, + c~u,)Z~~~~‘( - a,), then T,A,T; ’ is the required 
matrix. 
(c2): p = s = 2. In this case we may assume that the (n - 3)th and 
(n - 2)th columns have no prescribed positions and that in (n - 3, n) and 
(n - 2, n), zeros are prescribed. 
If n = 4, we may assume that (1,3), (2,3), (1,4), and (2,4) are the 
prescribed positions. And since the conditions of Proposition 13 are not 
verified, there is t E { 1,2,3,4} such that a, # 0. Let a2 # 0 be the entry 
prescribed in (2,3), and a, in (1,3). Thus, if 
T = ZZ$2)(a,)Z$z~1)(a,), 
then TA,T- ’ is the required matrix. 
If n > 4, then there is at least one column with only one prescribed 
position. We may assume that the (n - 1)th column is such a column. One 
and only one of the following cases is possible: 
(i) (n - 2, n - 1) is not prescribed. 
(ii) (n - 2, n - 1) is prescribed. 
(i): Just as in (i) of (c,), we obtain the matrix A,. Now: 
(1) If i,_, = jnp4 = n - 1, we set T, = Z~pl,rr)( - a,p2)Z!,j~~3,“p’J 
( - an _ 3), and so T,A,T; ’ is the required matrix. 
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(2) If i,_, + n - 1, we denote by b the entry in (jn_s, jnP4) of A,, and 
h = - (unp4 + a,_,b). We set 
Then T,A 2T; 1 solves the problem. 
(ii): Now, we assume that (n - 2, n - 1) is a prescribed position and that 
a n 3 is the entry prescribed in the (n - 1)th row in the position (n - 1, j, P3). 
If a np2 # 0 is prescribed in (n - 2, n - l), we obtain, as in (i) of (c,), the 
matrix A,. If we set 
T3= H~n-2)(a._,)z~j,l~,,n)( - anp3), 
then T3A3Tg1 is the required matrix. 
Finally, let an ~ 2 = 0. We perform a permutation of the 1st and (n - 2)th 
rows and columns of A,; so we obtain a matrix which is denoted by A,. The 
submatrix of A, formed by its first n - 3 rows and columns is 1 0 ... 0 0 0 0 0 ... 0 1 0 0 S= .*................ . 
0 ... 1 0 0 0 
1 ... 0 0 0 0 
1 
Clearly, S is similar to the submatrix N of A, formed by its first n - 3 rows 
and columns. By Lemma 6, there exists an (n - 3)X( n - 3) nonsingular 
matrix T such that TST-’ has a, in the position (i,,j,), t=1,2,...,n-4. 
Let 
where 
v = Tel and e,= [l 0 ... OIf~FnP3, 
u=elT-’ and e2= [0 1 ... OIf~FnP3, 
d = [c3 c,_~ ,... c4]T-! 
NOW, Z~jn~~S”)( - a,_,)A,Z~jn-:I,“)(a”_,) is the required matrix. 
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The proof of the proposition is now complete. 
In order to simplify the notation we introduce the following. 
DEFINITION. We say that the problem of constructing an n x n matrix 
with prescribed characteristic polynomial and n prescribed entries satisfies 
condition Q if in the n - 1 first rows and columns there are n - 2 prescribed 
nonprincipal positions, all of them in one row or column, and the entries 
prescribed for these positions are all zero. 
In the sequel, by “our problem” we shall mean the problem in the 
introduction of this paper. 
Now, we treat the cases p = 1 and p= 0. In both, we shall distinguish 
whether F is a finite or infinite field. 
PROPOSITION 16. Zf F is finite, TV = 1, and the conditions of Proposition 
14 are not verified, then there always exists an n x n nonderogatory matrix 
having f(A) as characteristic polynomial and a, in the position (i,, jt), 
t = 1,2,... n, of case (IV). 
Proof. Let g(A) be a manic and irreducible polynomial of degree n - 1, 
and j, = n; therefore a,, is prescribed in (i,, n). We consider two cases 
(which have to be subdivided further): 
(i) Our problem does not verify condition fi2. 
(ii) Our problem verifies condition G?. 
(i): Since the positions (i,, it), t = 1,2,. . . , n, are not all in the same row, 
by reoroenng -1 prescribed positions if necessary, we may assume that 
i n _ I z i,. We denote by b,, t = 1,2,. . . , n - 2, the elements of F defined as 
follows: 
b,:= at 
i 
if (4, j,> f (i,, j,_,> 
at + an I if (i,, j,) = (i,, j,_,> ’ t=1,2 ,..., n-2. 
We denote by (P) the problem of constructing an n X n nonderogatory 
matrix having f(X) as characteristic polynomial, b, in the position (i,, jt), 
t = 1,2,..., n - 2, and a, in the position (i,, jt), t = n - 1, n. Now, there are 
two possible cases: 
(ii) (P) does not verify condition 3. 
(iz) (P) verifies condition Q. 
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(ii): In this case we can apply Lemma 4, and so there exists an 
(n - 1) X (n - 1) matrix B having g(X) as characteristic polynomial and b, in 
the position (i,, jt), t = 1,2,. . . , n - 2. Let b,_ 1 be the entry in position 
(i,.. 1, j,-r) of B. 
If b,-, = a._,, we write 
o= [0 ,..., O,l,O ,..., O,a,,O ,..., 0]‘~F,_i if a,=0 
and 
U=[O ,..., o,~,,o ,..., O]L~F,-lifa,#O~ 
where 1 and a,, are the i n_ ,th and the i,,th coordinates of v, respectively. If 
b r,~mIf (I.-~, we set 
o= [0 ,..., O,b,_l-a,~,,O, . . . . O,a,,,O,...,O]‘EF,_i, 
where b,_, - a,-, and an are its i, _ ith and i,th coordinates. In every case, 
o f 0, and therefore by Lemma 1 there exist u E F,- 1 and b E F such that 
AzB v 
2 
[ 1 u” b 
is nonderogatory and has f(X) as characteristic polynomial. Moreover, if 
b n-1 = a,_, and a, = 0, then A, has a, in the position (i,, jl), t = 1,2 ,..., n. 
And if b,-, # a,_,, or b,_, = u”~,, but a, f 0 then Z’j~~l~“) n 
(l)A,Z~jn~1,“)( - 1) is the required matrix. 
(ia): If problem (P) verifies condition a, and since our problem does not 
verify this condition, the following conditions must be satisfied: 
(1) There is t E {1,2,..., n-2} such that b,=u,+u,=O. We may 
assume t = n - 2, and therefore (in_2, j,-s)= (i,, j,_l). 
(2) an-2 f 0. 
(3) u,=Oforevery t=1,2 ,..., n-3. 
(4) Either (i) i, = i, = . . . =it,_2=inor(ii)jl=j2= ..f =jn_2=jnp1. 
So, since bn_2=u”_2+a,,=0, wehave an= -u,_,#O. 
As our problem does not verify Condition 3, by Lemma 4 there exists an 
(n - ?)X(n - 1) matrix B with g(X) as characteristic polynomial and a, in 
(i,,j,), t=1,2,...,n-3,n-l.Let b,-,betheentryinposition(i,-,,j,_,) 
of B. 
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If b,-, = an_2, we write 
v= [O ,..., O,a,,O ,..., 01’ E F,-,, 
where a n is its i,,th coordinate. If b, 2 + a n 2, we set 
v= [0,...,0,b,,_2-a,~,,0,...,0]‘EF,-1, 
where b,-, - an_2 is its i,th coordinate. In both cases v z 0. Then, by 
Lemma 1, there exist u E F,-, and b E F such that 
ATB v 
2 
[ 1 u’ b 
is nonderogatory and has f(h) as characteristic polynomial. If b, p2 = anp2, 
then A, is the required matrix, and if b,- 2 f an p2, we take h = a ,,( b,,p2 - 
a .p2)p’, and 
has a, in the position (i,, j,), t = 1,2 ,..., n. 
(ii): Now, we assume that our problem verifies condition s2. We dis- 
tinguish two cases: 
(iii) Condition Q 
positions in a row. 
(ii2) Condition Q 
positions in a column. 
is satisfied with the n - 2 prescribed nonprincipal 
is satisfied with the n - 2 prescribed nonprincipal 
Cases (iii) and (ii2) are not contradictory. Indeed, if n = 3 (iir) is verified if 
and only if (iia) is verified. It is easy to prove that if n > 5 then (ii,) and (ii2) 
do not hold simultaneously. However, if n = 4 and (iii) and (iiz) are verified, 
then by performing an appropriate permutation on the rows of the matrix and 
the same permutation on its columns, we may assume that the positions 
prescribed in the three first rows and columns are (1,2), (1,3), and (2,3). We 
do not need to treat the cases n = 3 and n = 4 separately, since these 
particular cases will be solved in (iii). 
(iii): Performing an appropriate permutation, we may assume that ii = i, 
= i,_, .= 1. Moreover, if i, = 1 then a, # 0, since we are not in the 
conditions of Proposition 14. 
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One and only one of the following subcases is possible: 
(1.1) i,_, f i,, 
(1.2) i,_, = i,. 
(1.1): i,-, +i,.IfthereistE{1,2,...,n-2)suchthat jn_r=jt,then 
we set j,_ i = jq; and if for every t = 1,2,. . . , n - 2, j,- r f j,, then we 
denote by j, any number of the set { ji, j,, . . . , j, P2 }. Let b, be an element 
of F defined as follows: 
bq :,“* 1 if a,#O, ” if a,=O. 
(If i,, = 1, then a, z 0 and therefore b, = a,.) 
Since b, # 0, by Lemma 4 there exists an (n - 1)X( n - 1) matrix B 
having g(X) as characteristic polynomial, b, in (1, j4), and zero in the 
position (1, jt), t = 1,2,. . . , n - 2, t z q. Let b,, 1 be the entry in position 
(i,-~ r, j,-,) of B. We denote by h, and h, the elements of F defined as 
follows: 
i 
b 
h,:= ;-l-un-l if i,_,+ 1, 
if i,_,=l, 
if i,#l, 
if i,=l. 
Let v~F,-r be the following vector: 
v= 1 b,,O ,..., 0, h,,O ,..., 0, h,,O ,..., qt. 
where b,, h,, h, are its 1st i,_ ith, and i,th coordinates, respectively. Since 
b, f 0, we have v # 0, and by Lemma 1 there exist u E F, i and b E F such 
that 
AxB v 
2 
[ 1 uf b 
is nonderogatory and has f(h) as characteristic polynomial. Now, if j, ~ r = jq, 
then 
z(i,.~)(l)A,z~k~“)( - 1) n 
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is therequiredmatrix;if j,_,#j, forevery t=1,2,...,n-2and i,_,#l, 
then 
is the required matrix; and if (i,_ r, j,_ i) = (1, l), then 
is the required matrix. 
(1.2): i, = i,- r. In this case i, = i,_, # 1 because the prescribed positions 
are not in the same row. 
Firstly, we can observe that if n = 3 and the prescribed positions are 
(1,2), (2,l) and (2,3), th en we may assume that the entry prescribed in (2,l) 
is not zero, because if it is zero, performing a permutation on the first and 
second rows and columns wiIl reduce the problem to case (1.1). 
We choose a number j, just as in (l.l), and we observe that if j,_ r # j, 
forevery t=l,2 ,..., n-2,then j,-,=l. 
We denote by h, 1 the following element of F: 
a 
h 
n-l+an if jnpl= jq, 
n-l:= 
a n-1 if jnpI+ j, forevery t=1,2,...,n-2 
By Lemma 4, there exists an (n - 1)x( n - 1) matrix B having g(X) as 
characteristic polynomial, zero in the position (1, j,), t = 1,2,. . , , n - 2, t # 9, 
and h,_ 1 in the position (i, _ 1, j, _ 1). Let b, be the entry in position (1, j,) 
of B. Clearly b, # 0, since otherwise g(X) would be reducible. We set 
I)= 
[ 
bq,O ,..., O,a,,O,...,O]tEF,-~t 
where b, and a, are its 1st and i,th coordinates. 
As u # 0, by Lemma 1 there exist u E F, ~ r and b E F such that 
A=*’ 
2 
[ 1 tit b 
is nonderogatory and has f(X) as characteristic polynomial. Now 
z(jV.“)(l)A2@ 
n (ii2): P rf 
2 “)( - 1) is the required matrix. 
e orming a suitable permutation on the rows of the matrix and the 
same permutation on its columns, we may assume j, = j, = . . . = jnp2 = 1. 
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One and only one of the following cases is possible: 
(2.1) i,#i, forevery t=1,2 ,..., n-2;i.e., i,=l. 
(2.2) i, = i, for some t = 1,2,. . . , n - i,. 
(2.1): We denote by h, _ 1 the following element of F: 
a 
h 
n-l if j,-iZ 1, 
“-I:= 
a n-1 + a, if j,_,=l. 
Let i, be any number in { i,, i,, . . . , inpz}. By Lemma 4, there exists an 
(n - l)x(n - 1) matrix B having g(X) as characteristic polynomial, zero in 
(i,,l), t = 1,2 )...) n - 2, t # 9, and h,_, in (in-i, j,_i). Let b, be the entry 
in (i,, 1) of B. Hence, b, # 0, since g(h) is irreducible. Set 
u= a,,0 I ,..., O,b,,O ,..., O]kF,,pI, 
where a, and b, are its 1st and i,th coordinates. So u # 0, and by Lemma 1 
there exist u E F, _ 1 and b E F such that 
AcB v 
2 
[ 1 u” b 
is nonderogatory and has f(A) as characteristic polynomial. Now, 
Z”~“‘(l)A,Z, 
n 
(l, “)( - 1) is the required matrix. 
(2.2): If i, = i,, as n > 3, then i, # i, for some t = 1,2,. . . , n - 2. We say 
i, # i,. As in (2.1), there exists an (n - 1) X( n - 1) matrix B having g(h) as 
characteristic polynomial, zero in (i,, l), t = 1,2,. . . , n - 2, t z 9, t f p, an in 
the position (i,, l), and a,_, in the position (in-i, j,-i). Let bp be the entry 
in (i,, 1) of B. Of course, if an = 0 then b, # 0, since g(X) is irreducible. Let 
v= 0 [ ,..., O,a,,O ,..., 0, bp,O ,..., 01’ E F,_l, 
where an and b,, are its iqth and i,th coordinates. Now, since v # 0, we may 
complete the proof as in (2.1). 
The proof of the proposition is now complete. n 
With the following proposition we conclude the proof of the theorem 
when F is a finite field. 
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PROPOSITION 17. Zf F is a finite field and p = 0, then there always’ 
exists an n x n f(h) us characteristic polynomial 
and a, in the position (i,, jt), t = 1,2,. . . , n, of case (IV). 
Proof. Let g(h) be an irreducible and manic polynomial of degree 
n - 1. As in Proposition 16, two cases are possible: 
(i) Our problem does not verify condition a. 
(ii) Our problem verifies condition !& 
(i): Since Z_L = 0, at least one column (say the qth) has two positions 
prescribed. We may assume j, ._ 1 = j, = q ( < n). As our problem does not 
verify condition a, by Lemma 4 there exists an (n - 1)x( n - 1) matrix B 
with g(h) as characteristic polynomial and a, in the position (i,, j,), t = 
1,2,..., n - 2. Let b, and b,_ 1 be the entries in the positions (i,, q) and 
(i,, ~ 1, q) of B, respectively. 
If b,=a, and bnPl=anPl, then by Lemma 1, for any nonnull vector 
VEF,_1, there exist u E F,_ i and b E F such that 
B v 
[ 1 u’ b satisfies our requirements. If b, z an or b,_ 1 z an 1, u’e set 
v = [o,. . , O,b,-a,,0 ,..., O,b,~l-a._,,O,...,Ol’EF,~l, 
where b, - an and b, _ 1 - an 1 are its i,th and i, ~ ith coordinates. So v f 0, 
and by Lemma 1, there exist u E F, ~, and b E F such that 
ATB v 
2 
[ 1 IL’ b 
is nonderogatory and has f(X) as characteristic polynomial. Now, a solution is 
Z(;4. “‘( l)A,Zpx “‘( - 1). 
(ii) If our problem verifies condition Q, we distinguish two cases: 
(2.1) Condition Q is satisfied with the n - 2 prescribed nonprincipa1 
positions in a row. 
(2.2) Condition Q is satisfied with the n - 2 prescribed nonprincipal 
positions in a column. 
As in (ii) of Proposition 16, cases (2.1) and (2.2) are not contradictory. 
Again, if n = 3, then (2.1) is verified if and only if (2.2) is verified. It is easy to 
verify that if n > 5, then (2.1) and (2.2) do not hold simultaneously. If n = 5 
and (2.1) and (2.2) hold simultaneously, then we may assume that the 
prescribed positions are (1,2), (1,3), (1,4), (2,4), and (3,4). This case is 
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proved in (2.1). We may solve cases n = 3 and n = 4 when (2.1) and (2.2) 
hold simultaneously by means of simple similarity transformations on A,. 
Finally, if (2.2) is verified, we may reduce the problem to case (2.1) by 
transposing the matrix (this is always possible, since neither the last column 
nor the last row have prescribed positions). Thus, we must solve case (2.1) 
when n > 4. 
Performing a suitable permutation, we may assume that ii = i, = . . . = 
i n-2 = 1, j, # 1 for some t = 1,2,. . . , n - 2 and i, # 1. If there is t E 
{I,2,..., n - 2} such that j, = jt, then we set j, = jq; and if for every 
t = 1,2,..., n - 2, j, f jt, then j, = 1, and we denote by j, any number in 
{ji*ja,..., j”-s> such that j, + j,- i (this is always possible, since n > 4). 
Let h,,_ 1 be an element of F defined as follows: 
h 
if (i,~,,j,~,)Z(l,l) or j,+l (i.e. j,= j,), 
if (in-i, j”-i) = (1,l) and j, = 1. 
By Lemma 4, there exists an (n - l)x(n - 1) matrix B with g(X) as 
characteristic polynomial, zero in the positions (1, jt), t = 1,2,. . . , n - 2, 
t + q, and h,- 1 in (i,_ i, j,_ i). Let b, and b, be the entries in positions 
(I, j,) and (in, j,) of 6 respectively. Since g(X) is an irreducible polynomial, 
we have b, z 0. Let x be an element of F defined as follows: 
1 if h,_,= a,,-,, 
bq(h,p,-u,p,)p’ if hn_l+unpl. 
Let UEF,-~ be the following vector: 
v= bq,O,..., [ O,(b,-~,)x,o,...,O]~, 
where b, and (b, - a,,)~ are its 1st and i,th coordinates. As b, f 0, then 
v # 0, and by Lemma 1, there exist u E F, _ i and b E F such that 
AzBv 
2 
[ 1 ut b
is nonderogatory and has f(A) as characteristic polynomial. Now: 
(I) If j, = jq, we have jn# 1 and then hnpl=unpl and x = 1. So 
z;jq.n)(l)A2Qig. “‘( - 1) is the required matrix. 
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(2) If j, # j, for every t = 1,2,. . . , n - 2, then j, = 1, and: 
(a) If (i,-i,j,-i)Z(l,l), then hnPl=un_l. So, since jq#jn_l, 
Z~l~“)(l)Z~j~~“)(l)A,Z~j~~“)( - l)Z,!,‘,“)( - 1) is the required matrix. 
(b) If(i,_,,j,_,)=(l,l),thenh,~,#a._, andx=b,(h,~,-a._,)~‘, 
and, as j, + jn-1, we have that Z~l~“‘(x-‘)Z~j~~“)(l)A,Z~j~~“’ 
( - l)Z$“‘( - x-1 ) is the required matrix. 
The proof of the proposition is now complete. n 
Now, we treat the cases ~_r, = 1 and ZJ, = 0 when F is an infinite field. The 
case p = 1 is treated in three propositions. 
PROPOSITION 18. Suppose F is infinite, p = 1, the conditions of Proposi- 
tion 14 are not verij?ed, and the following condition is satisfied: 
(a) In the n - 1 first rows and columns, n - 1 positions are prescribed in 
the same row or column, and the entries prescribed in the nonprincipal 
positions of this row or column are zero. 
Then there exists an n x n nonderogatory matrix with f(X) as characteristic 
polynomial and a, in the position (i,, jt), t = 1,2,. . . , n, of case (IV). 
Proof. One and only one of the following cases is possible: 
(i) Condition (a) is verified by rows. 
(ii) Condition (o) is verified by columns. 
(i): In this case, performing an appropriate permutation, we may assume 
that ii = i, = . . . = in_, = n - 1. As not aII the prescribed positions are in 
the same row, we have i, z n - 1. Let a no 1 be the entry prescribed for the 
principal position of the (n - 1)th row. A matrix which satisfies our require- 
ments is TA,T- ‘, where 
T = z(n-l.i,)(,n)z~~l,n)( - a,_,), 
” 
(ii): If Condition (a) is verified by columns, then we may assume, as in (i), 
that j, = j, = . . . = j,_ 1 = 1. Let a 1 be the entry prescribed in (1,l). If 
T = p”‘( - al)ZL273)( _ al) . . . I?-2.n-I)( _ al)Ip-l,n)( _ a,), 
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then 
A, = TA,TP1 = 
0 0 0 ... 0 1 
* * * . . . * * 
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If i, = n - 1 and a, # 0, then H!,)(u; ‘)A,Hr’(a,) is the required matrix. 
If i, = n - 1 and a, = 0, we have n > 3, since if n = 3, then i, = 2 and by 
Proposition 14, we must have us z 0. So, permuting the (n - 1)th and 
(n - 2)th rows and columns of A,, a solution is obtained. Finally, if i, < n - 1, 
then Z(n~l~i~)(u~)A,Z~~‘~i~‘( - a,) is the required matrix. n n 
In the sequel, we suppose that the conditions of Proposition 18 are not 
verified. 
In the next two propositions we shall prove that there always exists an 
(n - 1) X (n - 1) matrix such that: (1) it has g(X) as characteristic polynomial, 
with g(X) and f(X) being prime polynomials, and (2) it verifies the condi- 
tions which allow us to apply Lemma 2 or 3 to construct an n x n nonderoga- 
tory matrix having f(X) as characteristic polynomial and a, in (i,, jt), 
t = 1,2,..., n. It is obvious that if the conditions of Proposition 18 are satisfied 
and the entry prescribed in the main diagonal is root of f(X), then such an 
(n - 1) x (n - 1) matrix does not exist. 
PROPOSITION 19. Suppose F is infinite, p = 1, the position prescribed in 
the lust column is (i,, n), the entry prescribed in it is a,, and the following 
condition is not verified: 
(/I) All the entries prescribed for nonprincipal positions of the i, th row 
are zero. 
Then there exists an n x n nonderogatory matrix with f(A) as characteristic 
polynomial and at in the position (i,, jt), t = 1,2,. . . , n, of cuse (IV). 
Proof. Since ZJ = 1, we have that in the n - 1 first rows and columns 
there are n - 1 prescribed positions. Let a i, us,. . . , a,_ 1 be the entries 
prescribed in these positions: (ii, ji), . . . , (i,_ i, j,_ i), respectively. One and 
only one of the following cases is possible: 
(i) u,#O, (ii) u,=O. 
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(i): Applying Lemma 5, and since the conditions of Proposition 18 are not 
verified, there exists an (n - 1)X( n - 1) matrix B having a, in the position 
(i,, jt), t = 1,2,..., n - 1, and distinct characteristic roots h r, h,, . . . , X n 1 
suchthat f(Xi)#Ofori=1,2,..., n-l.ByLemma2,thereexistu,w~F,_, 
and b E F such that the i,th coordinate of v is an and 
A=* 2, 
2 
1 1 u’ b 
is nonderogatory and has f(h) as characteristic polynomial Moreover, as A 2 
has a, in the position (i,, jt), t = 1,2,. . . , n, it is the required matrix. 
(ii): Let B be the same matrix as in (i). Since condition (/?) is not verified 
and an = 0, it must have a nonzero entry in a nonprincipal position of the 
i,,th row. Therefore, we may apply Lemma 3, and so there exist, U, 0 E F,_ r 
and b E F such that the i,th coordinate of v is zero and 
A=*’ 
2 
[ 1 u1 b 
is the required matrix. n 
PROPOSITION 20. In the same conditions as in Proposition 19, if condi- 
tion (p) is veri.ed, then there exists an n X n nonderogatory matrix with 
f(h) as characteristic polynomial and a, in the position (i,, jt), t = 1,2,. . . , n, 
of case (IV). 
Proof. We distinguish two possible cases: 
(i) (i,, i,) is a prescribed position, 
(ii) (i,, i,) is not a prescribed position. 
(i): In this case we may apply Lemma 5 in the same ways as in (i) of 
Proposition 19. Thus, we obtain an (n - 1) X (n - 1) matrix B with a f in the 
position (i,, j,), t = 1,2,. . . , n - 1, and with distinct characteristic roots 
h,,h A,-r, 2”“’ such that f(hi) # 0 and hi different from the entry pre- 
scribed in (i,, i,), i = 1,2,. . . , n - 1. (This is always possible, since the 
conditions of Proposition 18 are not verified.) This last condition imposed on 
the characteristic roots of B enables us to affirm that in a nonprincipal 
position of the i,th row of B there is a nonzero entry. Now, we solve the 
problem as in (ii) of Proposition 19. 
(ii): The position (i,, i,) is not prescribed, and moreover a nonprincipal 
position of the i,,th row must be nonprescribed, since if not, condition (p) 
would put us under the hypothesis of Proposition 14. 
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Firstly, we treat the case n = 3. In this case, we may assume that the 
prescribed positions are (1,3), (2, l), and (2,2), and by condition (p), the 
entry prescribed in (1,3) is zero. Let a,, us be the entries prescribed in (2,l) 
and (2,2), respectively. Then 
z$‘,3’( - u,)Z~~-~)( - u~)A~Z~,~)(U,)Z~~~)( al) 
is the required matrix. 
Now, we assume n >, 4. By the Theorem of [5] and Proposition 18, we 
have that there exists an (n - 1) X (n - 1) matrix B having: (a) the entries a 1 
in the positions (i,, jt), t = 1,2,. . . , n - 1, (b) a nonnull element h E F in a 
nonprincipal position of the i,,th row, and (c) distinct characteristic roots 
A,, x,,..., A,_, suchthat f(Xi)#Ofori=1,2,...,n-l.Nowweconclude 
the proof as in (ii) of Proposition 19. n 
To conclude the proof of the theorem we are going to examine case (IV) 
when p = 0 and F is infinite. We treat this case in three propositions. 
PROPOSITION 21. Zf F is infinite, p = 0, and in all first n - 1 rows or 
columns there are prescribed positions, then there exists an n x n nonderoga- 
tory matrix with f(h) as characteristic polynomial and a f in the position 
(i,, jt), t = 1,2 ,..., n, of case (IV). 
Proof. Transposing the matrix, if necessary, we may assume that each of 
the first n - 1 columns has at least one prescribed position. Moreover, it is 
clear that all the first n - 1 columns, except one, have only one position 
prescribed. 
If n = 3, then we may solve the problem performing simple transforma- 
tion on A,. Now, let n > 4. We may assume that (i,, j,) is the only position 
which is prescribed in the j,th column. So, by (b) of Lemma 5, there exists an 
(n - l)X(n - 1) matrix B with distinct characteristic roots h,, X2,..., X,-r 
and such that f(Ai)# 0, i = 1,2 ,..., n - 1, and with the entries a, in (i,, jt), 
t = 1,2,..., n - 1. Let b, be the entry in position (i,, j,) of B. 
If b, = an then by Lemma 2 there exist U, o E F,- I and b E F such that 
AzBv 
[ 1 ut b is nonderogatory and has f(X) as characteristic polynomial. A 
is a solution. 
If b, # a n then by Lemma 2, there exist U, v E F, _ 1 and b E F such that 
the vector v has as i,th coordinate (b, - a ,) and A 2 = 
B v 
I 1 ut b is nondero 
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gatory and has f(X) as characteristic polynomial. Now Z!,jm’ “)A sZ,!,jn’ “I( - 1) is 
the required matrix. n 
We observe that the case n = 3 has been completely treated for case (IV) 
in Proposition 21. So in the sequel we assume n > 4. 
PROPOSITION 22. Suppose F is infinite, p = 0, and the following condi- 
tion is verified: 
(a) In the first n - 2 rows and columns, n - 2 positions are prescribed in 
the same column, and the entries in its nonprincipal positions are zero. 
Then there exists an n x n nonderogatory matrix with f(X) as characteristic 
polynomial and a, in the position (i,, jt), t = 1,2,. . . , n, of case (IV). 
Proof. We may assume that j, = j, = . . . = jnpz = 1, and that aI is the 
entry prescribed in (1,l). Let A, be the matrix of (ii) of Proposition 18. We 
can obtain a solution by performing simple transformations on A 2. n 
PROPOSITION 23. Zf F is infinite, p = 0, condition (a) of Proposition 22 
is not verified, and at least one of the n - 1 first rows and columns has no 
prescribed position, then there exists an n X n nonderogatory matrix with 
f(X) as characteristic polynomial and at in the position (i,, jt), t = 1,2,. . . , n, 
of case (IV). 
Proof. We may assume that the (n - 1)th row has no prescribed posi- 
tions. Let (in_k+l, n - 1) ,..., (i,, n - 1) be the positions prescribed in the 
(n - 1)th column, and anpktl ,..., a, the entries prescribed in them. By 
Proposition 21, we may assume that in the first n - 2 rows and columns there 
is at least one column without prescribed positions. Therefore, if k > 1, in the 
n - 2 first rows and columns there are no n - 2 positions prescribed in the 
same row. 
One and only one of the following cases is possible: 
(i) k>l, (ii) k=l, (iii) k = 0. 
(i): k > 1. In this case in the first n - 2 rows and columns there are at the 
most n - 2 prescribed positions which are not in the same row; moreover, by 
Proposition 22, if they are in the same column, there is at least one nonzero 
entry prescribed in a nonprincipal position. So, by (b) of Lemma 5, there 
exists an (n-2)X(n-2) matrix B, with distinct characteristic roots 
A,, A 2,“‘, A,_, such that f(h,)# 0, i = 1,2 ,..., n - 2, and with a, in the 
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position (i,,j,), t=1,2,...,n-k. Let X,_,EF such that X,_,#X,, i= 
1,2,..., n - 2, and f(A,_,)# 0. Let urn F,_, be any vector whose 
i n-k+@,..., i,,th coordinates are an-k+1 ,..., a,, respectively, and set 
Bl 01 
B= 0 A”_, . [ I 
Now, by Lemma 2, there exist u, u E F, _ 1 such that 
B v 
[ I 
is the required 
matrix. ut b 
(ii): k = 1. Since in the n - 1 first rows and columns there is at least one 
column without prescribed positions, we have n > 4. Moreover, in this case, 
in the first n - 2 rows and columns there are n - 1 prescribed positions, and 
the prescribed position in the (n - 1)th column is (i,, n - 1). Therefore, there 
is t E {1,2,..., n - l} such that it # i,. Among all the numbers it which are 
different from i,, we are going to choose one (which we will denote by i,_ r) 
according to the following criterion: 
(1) Suppose following conditions are satisfied: (a) n - 2 positions are 
prescribed in the same column (say the j, _ rth); (b) the other two positions 
are in the same row (the i,th row); (c) (i,, j,_i) is not a principal position; 
(d) denoting by a, the entry prescribed in (i,, j,_i), all the entries pre- 
scribed in nonprincipal positions of the j,_ rth column, except a y, are zero; 
and (e) a4 + a, = 0. Then we choose i, _ 1 = j, ~ I. 
(2) In any other case, (i,_ 1, j,_ 1) is an arbitrary prescribed position such 
that i,_, + i,. 
Now, we denote by b,, t = 1,2,. . . , n - 2, the elements of F defined as 
follows: 
if (4, jt)#(Lp L-1) 
if (it, j,) = (i,, jnpl) 
t=1,2 ,..., n-2. 
Choosing (i,_ 1, j,_ 1) as above and applying (b) of Lemma 5, there exists an 
(n - 2) X (n - 2) matrix B, with characteristic roots as in (i) and with b, in 
the position (it, jt), t = 1,2,. . . , n - 2. Let b,_ 1 be the entry in the position 
(in-r, j,_i) of B,. Let Xnpl~ F be as in (i), and vi E F,_, the following 
vector: 
vl= [0 ,..., O,b,pl-u,_l,O ,..., O,u,,O ,..., Olt, 
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where b, _ i - an _ i and an are its i, _ ith and i,th coordinates respectively. 
Let 
So B, has a, in the position (i,, jt), t = 1,2,. . . , n, it has distinct characteris- 
tic roots, and its characteristic polynomial and f(X) are prime polynomials. 
By Lemma 2, there exist U, o E F,_, and b E F such that B3 * 
[ I 
is the 
required matrix. u’ b 
(iii): k = 0. For n = 4 the prescribed positions form a principal submatrix 
of order 2. For any entries prescribed in them, the invariant factors of this 
submatrix and those of any 4 X4 nonderogatory matrix with characteristic 
polynomial f(A) verify the S&Thompson interlacing inequalities [7, 151. So 
there always exists a 4 X 4 nonderogatory matrix satisfying the requirements of 
the proposition. 
Now, we assume n > 4. It is clear that there is a column with at least two 
prescribed positions. Assume that the j,th column is one of these. We are 
going to choose two positions of the j,th column [which we denote (i,, j,) 
and (i,_ 1, j,)], according to the following criterion: 
(1) If there is a row, say the 9 th row, such that (9,l), (9,2), . . . , (9, n - 2) 
are prescribed positions, we choose i, = 9. 
(2) In any other case, (i,, j,,) is any position prescribed in the j,,th 
column. 
In both cases, (in_l, j,) is an arbitrary position different from (i,,, j,,). 
By (b) of Lemma 5, there exists an (n - 2)x (12 - 2) matrix B, with 
characteristic roots as in (i) and with at in the position (i,, jt), I = 1,2,. , . , n 
- 2. Let X,_, E F be as in (i). Let b, and b, _ 1 be the entries in the positions 
(i,,, j,) and (Lit j,-d of B,, respectively. We denote by vi the following 
vector of F, ._ 2: 
vl=[O ,..., O,b,_,-a.~,,O,...,O,b,,-a.,O,...,O]’, 
where b,-, - a,_, and b,, - a,, are its i,_ ,th and i,,th coordinates respec- 
tively. Set 
Bl 01 
B,= 0 
[ 1 A,-, and B,=Z~bin~l’(l)B,Z~~;“-“( - 1). 
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So I?, has the entries a, in the positions (i,, jl), t = 1,2,. . . , n, it has distinct 
characteristic roots, and its characteristic polynomial and f(X) are prime 
polynomials. Therefore, Lemma 2 solves the problem. W 
The proof of the theorem is now complete. W 
ADDENDUM 
G. N. Oliveira in [9], [lo], and [ll] has proved that, for n 2 3 and apart 
from two exceptional cases [exceptions (a) and (c) of the Introduction of this 
paper], there always exists an n X n matrix with n prescribed entries and 
prescribed spectrum. 
In [5], D. Hershkowitz improves the results of Oliveira, proving that the 
number of prescribed entries can be increased to 2n - 3 without increasing 
the number of exceptions. Hershkowitz’s paper was published while this 
paper was being prepared; his results have served us to shorten the proof of 
Proposition 20, which initially was very long. Hershkowitz’s results lead in a 
natural way to the following question: Can the results of the present paper be 
improved? That is to say, can the number of prescribed entries be increased 
without increasing the number of exceptions? 
We want to show that it is impossible to increase the number of 
prescribed positions to 2n - 4 and obtain a matrix with an arbitrary pre- 
scribed characteristic polynomial. In fact, we set equal to zero the following 
2n - 4 elements of A: 
a,, = Urn-l = 0, i = 1,2 ,...,n-2. 
Therefore, the characteristic polynomial of A must be a product of two 
polynomials: one of degree 2 and the other of degree n - 2. So the character- 
istic polynomial of A cannot be arbitrarily prescribed. 
Moreover, we observe that if n = 5, then 2n - 4 = 6. 
However, a question remains unanswered: If n > 5, then apart from the 
exceptional cases (i), (ii), and (iii) of the theorem of this paper, does there 
always exist an n x n matrix having 2n - 5 entries and its characteristic 
polynomial prescribed?. 
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